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Stochastic Lyapunov-Barrier Functions for Robust
Probabilistic Reach-Avoid-Stay Specifications

Yiming Meng

Abstract—Stability and safety are crucial in safety-critical con-
trol of dynamical systems. The reach-avoid-stay objectives for
deterministic dynamical systems can be effectively handled by
formal methods as well as Lyapunov methods with soundness and
approximate completeness guarantees. However, for continuous-
time stochastic dynamical systems, probabilistic reach-avoid-stay
problems are viewed as challenging tasks. Motivated by the recent
surge of applications in characterizing safety-critical properties
using Lyapunov-barrier functions, we aim to provide a stochastic
version for probabilistic reach-avoid-stay problems in considera-
tion of robustness. To this end, based on the weak topology, we
first establish a connection between probabilistic stability with
safety constraints and reach-avoid-stay specifications. We, then,
prove that stochastic Lyapunov-barrier functions provide sufficient
conditions for the target objectives. We apply Lyapunov-barrier
conditions in control synthesis for reach-avoid-stay specifications,
and show its effectiveness in a case study.

Index Terms—Control synthesis, probabilistic reach-avoid-stay
specifications, probabilistic stability and safety with robustness,
stochastic Lyapunov-barrier functions, stochastic dynamical sys-
tems, weak topology.

|. INTRODUCTION

The reach-avoid-stay property is crucial for specifying more com-
plex temporal logic objectives. Control synthesis of such specifica-
tions has received substantial interests in areas such as robotic mo-
tion planning [1], [2], [3]. In both deterministic and stochastic con-
texts, verification and control synthesis problems are achievable via
abstraction-based formal methods [4], [5], [6]. Robust abstractions
with soundness and approximate completeness provide guarantees for
a given specification [7], [8], [9]. Despite improvements in reducing
computational complexities [4], [7], [10], it still remains a fundamental
challenge to overcome the curse of dimensionality in formal methods
for verification and control synthesis.

On the other hand, for deterministic systems, researchers have
made attempts to utilize Lyapunov-like (Lyapunov-barrier) functions
to establish a connection between stability and safety attributes, and
the reach-avoid-stay properties by characterizing the approximated
domain [11], [12], [13]. Despite the discretization-free nature of the
approach, Lyapunov and barrier functions conditions are sometimes
viewed as competing objectives [11], [13]. The works [13] and [14],
indicated that unifying Lyapunov and barrier functions is a nontrivial
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task without delving into the complicated geometry. Thanks to the
fundamental converse theorems of Lyapunov and barrier functions [15],
[16], [17], the theoretical work in [11] justifies that uniting Lyapunov
and barrier functions is possible: A smooth Lyapunov-barrier function
is sufficient and necessary (in a slightly weaker sense) for reach-avoid-
stay objectives. As a step forward, Meng and Liu [18] extended the
Lyapunov-barrier characterization to deterministic hybrid systems by
a detailed investigation of hybrid arc topology, with validation through
numerical simulations for verification and control synthesis. Meng
et al. [19] applied the above theories and achieved control synthesis
for reach-avoid-stay specifications in application to a system that un-
dergoes a Hopf bifurcation. For such systems with tunable parameters,
the abstraction-based algorithms underperform Lyapunov-barrier ap-
proaches due to the difficulties of adjusting the speed of the dynamical
flows.

For stochastic systems, verification and control synthesis of proba-
bilistic stability-safety type problems appear more challenging. Bench-
mark theorems have been established for (probabilistic) stability [20],
[21] and safety verification [22], respectively, by employing stochastic
Lyapunov and barrier functions. However, similar to deterministic
cases, a simple combination of Lyapunov and barrier functions may
not yield a sounding theoretical guarantee of stability with safety
property, let alone addressing the more practical reach-avoid-stay spec-
ification. To better understand how stability and safety related notions
connect in the stochastic context, this article formulates stochastic
Lyapunov-barrier functions to deal with sufficient conditions for robust
probabilistic reach-avoid-stay specifications. As one might expect, this
task is nontrivial, which requires a comprehensive understanding of the
concept of solutions, and the underlying topology that governs them.

In addition, since small perturbations should necessarily be taken into
account due to reasons such as modeling uncertainties and measurement
errors of the state, robust analysis provides guarantees in a worst-case
scenario. Despite the current theme of regarding “inaccuracy” from
the computation of probability measures as the “uncertainty” [23],
[24], [25], to make a closer analogy of the deterministic case, we
consider uncertainties as a result of perturbed stochastic systems, which
create an inclusion of solutions. A robust satisfaction of a probabilistic
specification in a perturbed stochastic system is then interpreted as
follows: The solution process measured in the correspondingly worst
but accurate probability law still satisfies the probabilistic specification.
For a deeper comprehension of this notion of perturbation, we kindly
direct readers to references [26], [27], [28], [29], and [30].

It is worth noting that the results in this article are fundamentally
different from those in [20], [21], and [22] for the following reasons.
1) We consider more complicated specifications rather than merely
(probabilistic) stability or safety. In particular, to utilize Lypunov-like
functions for verifying probabilistic reach-avoid-stay specifications,
a comprehensive analysis based on the weak topology is necessarily
needed. 2) We also include small perturbations, as mentioned above, to
conduct robust regularity analysis for a family of solutions rather than
study a single solution at a time.
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The rest of this article is organized as follows. In Section II, we
present the preliminaries for the systems, concepts of solutions, as well
as other important definitions. In Section III, we show the connections
between robust probabilistic reach-avoid-stay and stability with safety
guarantees. In Section IV, we provide sufficient conditions for robust
probabilistic reach-avoid-stay satisfactions. In Section V, a case study
is conducted to demonstrate how controllers can be generated based on
a control version of stochastic Lyapunov-barrier certificates. Finally,
Section VI concludes this article.

Notation: We denote the Euclidean space by R™ for n > 1. We
denote R the set of real numbers, and R the set of nonnegative real
numbers. Given a, b € R, we define a A b := min(a, b). Let Cp(-) be
the space of all bounded continuous functions/functionals f : (-) — R.
A continuous and strictly increasing function o : R>g — Ry is said
to belong to class K if a(0) = 0.

The open ball of radius r centered at x is denoted by B,.(z) := {y €
R™: |y — x| < r}, where| - | is the Euclidean norm. We also use B, :=
B..(0) to represent open balls centered at 0. Given two sets A, B C R™,
the set difference of B and A isdefinedby B\ A= {z € B:x ¢ A}.
For a given set A C R™, we denote by A€ the complement of the set A
(i.e.,R™ \ A); denote by A (respectively, 9 A) the closure (respectively,
boundary) of A. For a closed set A C R™ and « € R"™, we denote the
distance from x to A by |z|4 = inf,c4 |z — y| and r-neighborhood of
Aby B,(A) = U, B, (a).

For any stochastic processes { X; }+>0, we use the shorthand notation
X :={X;}+>0. For any stopped process {Xnr}+>0, Where 7 is a
stopping time, we use the shorthand notation X ™. We denote the Borel
o-algebra of a set by A(-) and the space of all probability measures on

P() by A ().

[l. PRELIMINARIES
A. System Dynamics

Consider the following perturbed stochastic differential equation
(SDE):

dX, = f(X)dt 4 &(t)dt + g(X)dW,, Xo ==z (D

where ¢ : R.q — Bs is any measurable point mass signal within the
closed and bounded d-ball centered at 0; f : R™ — R™ is a nonlinear
vector field; g : R™ — R™™ is a smooth mapping; W is an m-
dimensional Wiener process. For future references, we denote system
(1) by Ss, of which the § > 0 represents the extra d-perturbations
created by &.
Assumption 2.1: We make the standing assumptions on the regular-
ity of the system Sy for the rest of this article:
i) The mappings f, g satisfy local Lipschitz continuity.
ii) The eigenvalues of the matrix ggT(z) satisfy sup,.gn
min;—12 . 4:[(99")(x)] > 0.
iii) There exists a trivial solution z. for system Sy, such that f(z.) =
g(ze) = 0. _
Definition 2.2 (Characteristic operator): For each d € Bs, we de-
note by £, the characteristic operator of Ss as

Loh(w) = Vh(e) - (@) + d) + 5 Tr [(997)(@) - hae ()]

where h € C2(R™), hyp = (hzizj)nxn, and Tr[ - ] denotes the trace.
Since we only care about the probabilistic properties of the state
space, we consider mostly the weak solutions of the perturbed SDEs.
Definition 2.3: The system Ss admits a weak solution if there exists
a (most likely unknown) filtered probability space (Qf, %, {.Z}, P1),
where a Wiener process W is defined and a pair (X, W) is adapted,
such that X solves the SDE (1) for any ¢ : R-o — Bs.

We denote by ®5(x, W) the set of all weak solutions with X, =
z a.s. for a given x € R™. Likewise, for a given set K C R", let
O (K, W) denote the set of all weak solutions with any initial dis-
tribution on (K, B(K)).

Remark 2.4: By requiring the growth rate of nonlinear mappings and
the nondegeneracy of g, i) and ii) of Assumption 2.1 ensure that, within
any bounded observation region, S5 has a unique weak solution [28],
[31] forany & : R-o — Bj. Specifically, condition ii) only necessitates
the existence of an = where gg” (z) is positive definite.

As specified in iii), this article only considers systems with non-
degenerate multiplicative noise and trivial steady point x. for Sp.
This setup also guarantees the existence of a trivial compact steady
(invariant) set containing x. for Ss. Itis worth noting that additive noise,
as demonstrated in the literature [32] and [33], can disrupt the stochastic
stability of the steady states and, consequently, the “reach-and-stay”
properties.

B. Canonical Space

We have a Wiener process I/ defined on some probability space
(QF, ZT P") for each weak solution. We transfer information to the
canonical space, which gives us the convenience to study the law of
the solution processes as well as the probabilistic behavior in the state
space. Define 2 := C/([0, 00); R™) with coordinate process X;(w) :=
w(t) forall ¢t > 0 and all w € Q. Define F; := o{X,, 0 < s <t} for
each t > 0, then, the smallest o-algebra containing the sets in every
Fi, e, F :=\,5 Ft, turns out to be same as #(€2). For each X €
®5(R™, W), the induced measure (law) PX € .#(2) on F is such
that PX (A) = Pl o X 1(A) forevery A € B(). We also denote £X
by the associated expectation operator w.r.t. PX. To emphasize the
uncertainty of laws of a system Sy, we prefer to work on the probability
spaces (2, F, PX) for each weak solution X rather than the original
(Qf, 71, Ph.

Definition 2.5: (Weak convergence of measures and processes):
Given any separable metric space (S, p), a sequence of {P"} of
A (8) is said to weakly converge to P € .Z (S), denoted by P™ — P,
if for all f € C,(S) we have lim,,_,o [; f dP" = [ f dP. A se-
quence {X"} of continuous processes X™ with law P is said to
weakly converge (on [0,77) to a continuous process X with law
PX, denoted by X™ — X, if for all f € Cy,(C([0,7];R™)) we have
lim,, o E4[F(X™)] = EX[F(X)].

C. Other Definitions

We first provide definitions for probabilistic set stability given a
closed set A C R™.

Definition 2.6 (Uniform stability in probability): The set A is said to
be uniformly stable in probability (Pr-U.S.) for Ss if foreache € (0, 1)
there exists . € KC, such that

inf XX, |4 <
x6¢lﬁz,w>7) [[Xtla < @-(lz]a)

Vi>0]>1—¢ 2

where z is the initial condition.
Remark 2.7: Equation (2) is equivalent to the following: For any
€ € (0,1) and r > 0, there exists an ) = (e, r) € (0, ) such that

inf  PX[|Xya <

> >1-—
Xed)l,;(:c,W) vt > s(w)] > € 3)

whenever | X (|4 < 7 for some random time s(w). We can simply
pick n = ¢

Definition 2.8 (Uniform attractivity in probability): The set A is said
to be uniformly attractive in probability (Pr-U.A.) for Ss if there exists
some 7 > 0 such that, for each € € (0,1), » > 0, there exists some
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T > 0 such that whenever |z]|4 < 7,

inf  PX[Xa<r VE2T]>1-—c. “4)
Xeds(x,W)

Definition 2.9: (Uniformly asymptotic stability in probability): The
set A is said to be uniformly asymptotically stable in probability (Pr-
U.A.S.) for S; if it is Pr-U.S. (behavior near A) and Pr-U.A. (behavior
away from A) for Ss.

The concept of Pr-U.A.S. extends the conventional U.A.S. asin [11],
with the distinction that we measure likelihood with respect to prob-
ability measures. Next, we introduce several definitions pertinent to
probabilistic stability with safety guarantees. To this end, we consider
a closed unsafe set U C R™.

Definition 2.10 (Work place): Since the solutions are not generally
nonexplosive without stability assumptions, abounded workplace R :=
B (z.) with sufficiently large R > 0 is added as an extra constraint.
We name D = D(R,U) := RNU".

Definition 2.11 (Explosion and safety): For any solution X €
®s5(R™, W), we define the corresponding explosion time o* =
o*(R) :=inf{t >0: X, € R°} and safety time o =o(D):=
inf{t >0: X, € D}.

Remark 2.12: Safety is usually the priority in practice. Given the
safety requirement w.r.t. D (respectively, R), to study conditional
probabilistic properties of some process X, it is equivalent to just
working with the law of X7 (respectively, X°"). Note that for systems
with trivial Pr-U.S. sets, the indicator 1{,+—.) — 1 as R — oo and
does not render “too much harm” to replace the law of X7 by PX.

The following theorem verifies a notion of weak compactness of
stopped weak solutions of SDE (1).

Proposition 2.13: Under the Assumption 2.1, given any compact
set K, the set of all stopped process X°  is nonempty and sequen-
tially weakly compact (w.r.t. the weak convergence) on every filtered
probability space (2, F,{F;}icjo,r7), Where X € |J, x Ps(z, W)
(respectively, X € ®s(K,W)). That is, given any sequence of weak
solutions { X™}2°_, in the above sense, there is a subsequence { X"},
aprocess X € (J, . Ps(x, W) (respectively, X € ®5(K,W)), such
that (X"#)" — X",

Remark 2.14: The conclusion follows immediately by [28, The-
orem 1] and [29, Corollary 1.1, Ch. 3]. The proof falls in standard
procedures. We can first show that the truncated laws {P™“"} of
the stopped processes {(X™)?"} form a tight family of measures on
(9, F,{Fi}tepo,r7)- Then, the relatively weak compactness follows
since (X"#)" — X" ifand only if P"#+7" — P The weak closed-
ness comes from the compactness of the reachable sets of the stopped
processes.

Now we introduce two closely related specifications pertaining to
stability and safety issues.

Definition 2.15 (Probabilistic stability with safety): Given a closed
set U C R™, let D and o be defined as in Definitions 2.10 and 2.11,
respectively. Given X5, A C D and p € [0, 1], Ss is said to satisfy a
probabilistic stability under safety specification w.r.t. (Xy, A, U) with
probability at least p, denoted by (Xo, A, U, p), if

1) Aisclosed and Pr-U.A.S. for Ss; and
2) Forall X € Uy, s(x, W).

pX [a = coand lim |X, |4 = 0] > p.
—00

Definition 2.16: Given Xy,I' CD. On (Q,F), for each X €
Usex, ®s(x, W), we define the events
i) RS(Xy,I',D) :={w:v < o0 and Xi,, € I'Vt > ~}, where v :
=inf{t >0: X, € I'} of X; and
i) RAS(Xy, T, D) := RS(X,,I,D) N {o = ool

Definition2.17: (Probabilistic reach-and-stay and reach-avoid-stay
specification): Given a closed set U C R™, let D and o be defined
as in Definitions 2.10 and 2.11, respectively. Given Xj, ' C D and
p € [0,1], S5 is said to satisfy a reach-avoid-stay specification w.r.t.
(Xo, ', U) with probability at least p, denoted by (Xo,I", U, p), if for
every X € U, cx, ®s(x, W), we have PX[RAS(X,, T, D)] > p.

[II. CONNECTION TO PROBABILISTIC STABILITY WITH SAFETY

GUARANTEE

A. Probabilistic Stability With Safety Implies Probabilistic
Reach-Avoid-Stay

We first show that if a closed set A is Pr-U.S. for Ss, then, any
weak solutions starting at = from a compact subset of the p-domain of
attraction is uniformly attracted to A with probability at least p.

Proposition 3.1: Suppose that a closed set A C D is Pr-U.S. for
Ss. Let K be a compact set and p € (0, 1). Then, the following two
statements are equivalent:

1) For any solution X € U, x ®s(x, W), we have P¥[lim;
Xinola = 0] > p.

2) For every r > 0, there exists 7' = T'(r, ¢), such that for any X €
User @s(z, W), PX[| Xipola <7 VE>T] > p.

Proof: Clearly (2) implies (1). We only show the converse. Suppose
that (2) is not true. Then, there exists some > 0 such that forall n > 0
there exists z,, € K, X™ € ®4(x,,, W) with law P™ such that

PM|X[ola <r Vt>n]<p. (5)

Now, let 7" = inf{t > 0: X} € B, (A)}, where 7 is to be chosen
later for each n. Rearranging (5) we have

p>P| X, la<r Vt>n]

=Prr" < n]P[| X}, la <T

> P < nlP[| Xfola <7

[

>Prr" <nand | X}, |a <r Vt>n]
[ Vt>n| 7" <n]
[

vt > "] (©)

By the definition of Pr-U.S. in view of Remark 2.7, there exists an
n =n(r,e) < r,suchthat P*[| X7} |4 <r V¥Vt >71"] > . We choose
e sufficiently close to 1 so that, by (6), P"[t" <n]=p—p <p

Prlr" <nl=p-p<p @)

where p = p(e) < 1. Note that we have implicitly defined n and 7"
based on the choice of €, such that the above inequality (7) holds.
However, by Remark 2.12 and Proposition 2.13, there exists a
subsequence, still denoted by X™ € ®4(x,, W), such that z,, — x
and (X™)7 — X7 with X € ®s5(x,W) on any compact interval
of R>¢. By Skorohod [33, Theorem 2.4], there exists a probability
space (Qf, . Z1, {.Z]}, '), a process X° and a sequence of processes
{(X™)7} with laws P and {P"}, respectively, such that
lim (X")” = X°, B' —as. ®)
n—oo
LetT =inf{t > 0: |)~(MU|A < n/2}, due to the asymptotic behavior,

we have B' [T < oo] > p. By this and (8), there exists some sufficiently
large N1(7,q1) and N2(n,q2), such that for any arbitrary q;,qs €
(0,1)

H}T sup ‘thm - Xt/\a“ < 77/2 > q )
te[0,Nq]

=t

P’ [T < Na] > pgo. (10)
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Note that the events in (9) and (10) are independent, combining these
and choosing n > max(N7, N2), we have

' [Et <nst X! € BT,(A)] > P [Q] > parge

where Q := {supye(o.n1] [ Xihe — Xeno| < 0/2} N {|[Xrnola < /2
for 7 < Na}. We let q1g2 > p — p/p, then, there exists an n, such
that P™[r, < n] > p — p, which contradicts (7). The proof is then
completed. |

Corollary 3.2: If S5 satisfies a stability with safety guarantee spec-
ification (Xy, A, U, p) and X, is compact, then, for every ¢ > 0, S;
satisfies the reach-avoid-stay specification (Xy, B.(A), U, p).

Proof: Recall the safety stopping time o in Definition 2.11. We
add the condition {o = oo}, then 1) and 2) in Proposition 3.1 are still
equivalent. The conclusion follows directly by the definitions of the
two specifications, i.e., Definitions 2.15 and 2.17. |

B. Converse Side

The converse side is intended to show probabilistic stability with
safety is necessary for probabilistic reach-avoid-stay specifications.
Unfortunately, due to the diffusion effects and the concept of weak so-
lutions, probabilistic reach-avoid-stay specifications, other than reach-
avoid-stay with probability one, may fail to be related to probabilistic
stability with safety guarantees w.r.t. some subset of the target set. For
this reason, we only convey the main idea due to the space limitation.
The proofs are completed in [34, Appendix].

Throughout this section, we suppose that Xy, I' C D and S; satisfies
a reach-avoid-stay specification (Xp,I", U, p). We first make a quick
judgment that there exists a probability-p invariant compact subset of
I

Lemma 3.3: Suppose that I" is compact and X} is nonempty. If Ss
satisfies a reach-avoid-stay specification (X, I, U, p) with p € (0, 1],
then the set

A={z el :¥X € ®s(z, W), P¥[X, €T V¥t >0]>p}

is a nonempty and compact set with PX[X, € AVt > 0] > p for all
X e Ds(A,W).

The next lemma shows that given an arbitrary solution X of Sy,
we can construct a weak solution Z for Sy that solves the martingale
problem and is relatively close to X.

Lemma 3.4: Let & € (0,6) and 7 be such that 7 < o a.s. Then,
there exists some r = r(7,d,d’) such that for every X € &g (x, W)
with # € D and for all z € B,.(z), there exists a weak solution Z €
®;5(z, W) such that Zr,, € B, (Xra,) as. for T € [1,00).

It can be shown that under the construction of Lemmas 3.3 and 3.4,
the set A (generated by solutions of Sy) is Pr-U.A. property for any weak
solution of S5 with & € (0, §). However, for nonstrictly invariant sets
(p < 1), we are not able to show the Pr-U.S. property due to a geometric
gap where we cannot arbitrarily set € and r as in Definition 2.6.

On the other hand, if there exists a invariant subset of I' with
probability one, nice properties appear. This is not a surprise given [11,
Proposition 17]. The possibility of such an existence occurs when the
system admits a family of a.s. stable Dirac invariant measures for each
signal &, which are strictly contained in I". We convert the statement
into the stochastic context in the next proposition. The proof relies on
a similar construction [11, Lemma 15] as Lemma 3.4.

Proposition 3.5: For system Ss, any nonempty compact set A C
D with PX[X, € AVt > 0] = 1is Pr-U.A.S. for Sy whenever §' €
[0,9).

Corollary 3.6: If Ss satisfies a reach-avoid-stay specification
(Xo, T, U, 1) with compact Xy, then there exists a nonempty compact

set A C T with PX[X; € AVt > 0] = 1 such that for any & € (0, ),
Sy satisfies a stability with safety specification (Xp, A, U, 1).

IV. LYAPUNOV-BARRIER CHARACTERIZATION OF PROBABILISTIC
STABILITY WITH SAFETY

We aim to show how Lyapunov-Barrier functions can sufficiently
guarantee the probabilistic stability with safety specification in this
section. To enhance clarity for readership, we begin by summarizing
the frequently used notations in this section.

1) Region D defined in Definition 2.10 is a prescribed safety-related
work place.

2) A denotes a compact set with potentially Pr-U.A.S. property.

3) V denotes a Lyapunov-like function.

4) @ denotes a refined subset within D that will be utilized to derive
the probability of stability with safety in Theorem 4.4.

Definition 4.1 (Stochastic Lyapunov functions): Let A C D be a
closedsetandlet R > 0. A function V € C?(Br(A);Rso) issaid tobe
astochastic Lyapunov function (SLF) w.r.t. A if there exist vy, o, g €
K such that for all z € Br(A), a1(|z|a) < V(z) < as(|z|a) and

sup L4V (z) < —az(|zfa). (11)
deBs

We first make a quick extension of the existing Lyapunov theorems
to systems with point mass perturbations.

Lemma 4.2 (Uniform recurrence): Given an SLF V, there ex-
ists some 7 > 0 such that, for every ¢ € (0,1) and r € (0, R/2),
there exists some 7' = T'(e,n,7) > 0 such that, for any = € B,/ (A4),
we have infyea;(z,w) P>[T <T]>1—¢, where 7 = inf{t > 0:
X € B,.(A)}isthe firsthitting time of B,.(A) foreach X € ®5(z, W).

The proof of Lemma 4.2 is completed in [34, Appendix].

Proposition 4.3: Suppose A C D is compact. If there exists an SLF
V wurt. A, then, A is Pr-U.A.S. for S;.

Proof: By a standard supermartingale argument [20, Lemma 1,
Ch. II], we can show that the existence of SLF implies Pr-U.S. To
show Pr-U.A., let r € (0, R/2), then, by Pr-U.S. and Remark 2.7,
there exists ar € (0,7), such that sup x cq; (o, ) P [| Xela <7 VE >
s(w)] > 1 —e/2whenever | X,|4 < k.NowletT =inf{t > 0: X, €
B, (A)}. By Lemma 4.2, there exists some 7 > 0 such that we can find
aT=T(e/2,n, k) to make infxeq;w) P [T <T]>1—¢/2.
Therefore, for all |z|4 < 7 and for all X € ®s(z, W)

PXXia<r VE>T]
>PX[r<Tand |Xy|a<r Vt>T)
>PXr <TIPY[|Xi|a<r Vt2>27|7<T]

>PXr<T|(1—¢/2)>(1—¢/2)*>1—¢c. (12
|
The following result demonstrates that the existence of SLFs is suf-

ficient to characterize probabilistic stability with safety specifications

with probabilities depending on initial conditions.
Theorem4.4: Supposethat A C D is compact. If there exists an SLF

V € C*(Bg(A);Rsp) and some G := B,.(A) such that i) r € (0, R]

and G C D;andii) Xy C G, then, Ss satisfies the probabilistic stability

with safety specification (Xp, A, U, 1 —sup,cy, V(2)/a1(r)).
We need the following lemma to accomplish the proof.
Lemma 4.5: For each X € | Ds(z, W), set 7 :=inf{t > 0:

X; € G°}. Then, for all X € | Dy (z, W)

xeXy
xzeXy

pX [hm | Xila=0| T:oo} =1.
t—00

Authorized licensed use limited to: University of lllinois. Downloaded on September 09,2024 at 22:40:23 UTC from |IEEE Xplore. Restrictions apply.



5474

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 69, NO. 8, AUGUST 2024

Proof: By a similar approach to Lemma 4.2, we set arbitrary
r* € (0,7). By the Pr-U.S. property for all X € ®s(z, W) there
should exist € (0,7*) such that for any ¢ € (0,1), X, € B,(A)
implies PX[X, € B, (A) Vt > 7] > 1 — ¢, where 7* = inf{t > 0:
X, € B,(A)}. By 1td’s formula, for each weak solution we have

TEATAL
0<V(z)+ 5X/ L4V (X(s))ds
0

< V() —az(mEX[r AT AL (13)

Since that on {7* A 7 > ¢} we have 7% A 7 A t = ¢, thus
EXIT AT AL > / Lirenrsey -t dPX (W) = tPX[r" AT > 1]
Q

combining with (13) we have

PX[r* AT >t] < V(z)/tas(n), foreacht (14)
which implies PX[7* A7 < oo] =1 for all X € [J,cq, Ps(x, W).
On {7 = oo}, for all weak solution, we have PX [7* < oo] = 1 and

PX |limsup | X¢|a <7

t—00

>PY|Xa <r* VST | T <o0]>1—e.
Since € and r* are arbitrary, the conclusion follows. ]
Remark4.6: Lemma4.5 shows that SLFs eliminate the possibility of
safe sample paths up/down-crossing any neighborhood of A infinitely
often. [20, Th. 2, Ch. II] demonstrates the same result by constructing
the total time spent in G\ B-(A) after time ¢ and showing that it
converges a.s. to 0 as t — oo.
Proof of Theorem 4.4: The existence of SLF shows that A is Pr-
U.A.S. for Ss. Now, for all X € ®5(x, W) with x € Xy, define 7 :=
inf{t > 0: X, € G°}. Then, forall t > 0 and for all X € ®s(x, W)

EXV(Xone)l = V(Xo) + EX [ /O o LdV(XS)ds} <V(z)

and, forallt > 0
EXV(Xrpe)] = EX[Lireny VI(XL)] > an (r)PX [T < 1]

which imply PX[r < t] < V(x)/a;(r) V¥t > 0. Sending t — oo we
get for all X € J,cy, @s(x, W) and PX[r < oo] < V(z)/ay(r),
ie.,

sup,ey, V()

Prr=o00]>1- (1)

inf
Xedg(z,W)

Since {7 = o0} C {0 = o0} and by Lemma 4.5, the conclusion
follows. ]

From an application perspective, the condition of the type (11) can
be stringent for large J, potentially leading to the nonexistence of a
Lyapunov-type function V. However, this section provides a perspec-
tive that one can directly work on a family of uncertain processes, which
solves (1) that is also affected by extra perturbations, and analyze their
probabilistic regularities comprehensively. In particular, (11) is the key
to the regularity analysis in view of the concise result in Lemma 4.5.
These theoretical guarantees regarding probabilistic reach-avoid-stay
specifications, given the existence of V, possesses greater practical

value in verification and control synthesis when considering small given
small § (including the case when 6 = 0). On the other hand, if we were
torelax (11) to LV (z) < —a3(|x|.a), the robustness analysis could be
more tedious given that Lemma 4.5 may not be guaranteed.

In the proof, we have also seen that conditions «y(z) < V(z)
and sup,, B L4,V <0 play the role of guaranteeing the probabilistic
set invariance. We refer to these conditions as the stochastic barrier
certificates. An application in control synthesis, termed stochastic
control barrier functions, has been shown in [35, Proposition I11.8]
with better safety probability compared with the zeroing-type barrier
certificates [36], however, less effective than the reciprocal-type barrier
certificates (see the definition in [35, Definition III.1]). A thorough
comparison between the abovementioned stochastic barrier functions
can be found in [35]. To provide stability with safety with probability
1, one can combine SLF with the reciprocal-type barrier functions.

Theorem 4.7: Under the same assumption in Theorem 4.4. Suppose
there exists an SLF V € C?(Br(A);Rso), some G := B,.(A) such
that G € D and X, C G, as well as a function B € C?(G;Ro)
satistying

1) Jag,as € Ks.t.

1 1
B _ Y G 15
(el = PP = Sy (15
il) das € K s.t.
sup[LqB(z) — as(|z|a)] <0 Ve G. (16)

dEE{g

Then, S satisfies the probabilistic stability with safety specification
(X0, A, U T).

Proof: The proof is similar to Theorem 4.4. We rely on the SLF to
provide the property shown in Lemma 4.5. Then, the reciprocal type
barrier function B guarantees that P[T = oco| = 1 [22, Th. 1] for each
weak solution. |

Remark 4.8: Suppose U€:= {x € R™: h(z) >0} where h is
smooth, one can possibly enlarge G, such that G N U # () with 9(G' N
U) being piecewise smooth. To see the satisfaction of stability with
safety specifications, along with the old conditions, one can introduce
an extra reciprocal-type barrier function, denoted by B,and verify extra
conditions that are similar to (15) and (16) by replacing |z| 4 with h(x).

V. APPLICATIONS IN CONTROL PROBLEMS

In this section, based on the results from Sections IIl and IV, we make
a straightforward extension to a stochastic control Lyapunov-barrier
characterization for Sy satisfying a probabilistic reach-avoid-stay spec-
ification (X, ", U, p) under controls. As a continuation of [19], we
conduct a case study on enhancing the performance of jet engine
compressors under both noisy disturbances and bounded point mass
perturbations, based on a reduced Moore—Greitzer nonlinear SDE
model.

A. Probabilistic Reach-Avoid-Stay Control via Stochastic
Control Lyapunov-Barrier Functions

We first recast the notion from Section II for control systems. Given
a nonempty compact convex set of control inputs 2 C R?, consider a
nonlinear system of the form

dX, = f(Xo)dt + E(t)dt + b(X,)udt + g(X)dW,  (17)
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Fig. 1. Cluster of controlled sample paths, control inputs v and ~ of
Problem 5.6.

where Xy = x; the mapping b : R™ — R™*P is smooth; u : Ry — %
is alocally bounded measurable control signal, whilst the other notation
remains the same.

Definition 5.1 (Control strategy): A control strategy is a function

k:R" > %. (18)

We further denote S§ by the control system driven by (17) that is
comprised by u = k().

Definition 5.2. (Probabilistic reach-avoid-stay controllable): Given
Xo,I' €D, and p € [0, 1], Ss is said to be probabilistic reach-avoid-
stay controllable w.r.t. (Xp, I, U, p), if there exists a Lipschitz continu-
ous control strategy , such that the system Sy satisfies the specification
(X, T, U, p).

We have the following theoretical guarantee regarding the afore-
mentioned probabilistic reach-avoid-stay problem by employing the
Lyapunov method.

Proposition 5.3: Let Xp,I' C D be compact, where I' O A for
some compact set A C D. If there exists a smooth function V' €
C?(Br(A);Rsp) and some G := B,.(A) C S, such that

i) r€(0,R],GCD,and X, C G,
i) a1(|z|a) <V (z) < az(|z]a) and
inf sup sup[L4V (z) + as(|z|a)] <0
UEU zeS desB
forsome oy, o, a3 € K, where L4V (z) := L4V (z) + VV (z) -
b(z)u.

Then, Ss is probabilistically reach-avoid-stay controllable w.r.t.
(X07 F7 U7 1- SUPgzex, V(w)/Oél(T'))

Proof: The proof is a direct application of Corollary 3.2 and The-
orem 4.4. Note that Theorem 4.4 only establishes that the existence
of V' ensures probabilistic stability with a safety property. In order to
utilize Corollary 3.2, which establishes the connection between the two
specifications, it is necessary for the set I' to be compact and strictly
contain A. |

Remark 5.4: Similarly, one can extend the above proposition to find
sufficient conditions for a “Probability 1” reach-avoid-stay based on
Theorem 4.7. Apart from the conditions in Proposition 5.3, one need
to additionally verify if there exists a B € C?(G;Rxo) satisfying

i) 1/a1(Jz|a) < B(z) < 1/as(|z|a) Vz € G for some class-K
functions & and do;

ii) inf,cq sup,cg supgesslLyB(z) — as(|zla)] < 0, for some
class-/C function as.

B. Case Study

We use the reduced Moore—Greitzer SDE model with an additive
control input [v,0]7 and a multiplicative noise to illustrate the effec-
tiveness. The model is given as

i B(t) B i(lﬁc —¥(t)) L fl(t):|

dt | w(t) - (<I>(t) — /I &a(t)
(1) ~ B (7)) (t)} v(t)] 19)
(W(t) = We(7))Ba(t) 0

where . = a+ 1+ [1+3/2(®/© — 1) — 1/2(®/O© — 1)3], 31 and
B2 are i.i.d. Brownian motions, (®. (), U.(v)) =: X.(v) are equilib-
rium points for &1, €2, v = 0. The other parameters are as follows:

l.=8,1:=0.18, © =0.25, a =0.67¢, ¢ =0.08, and § = 0.01.

The physical meanings of variables, parameters and the description
of this model can be found in [19, Section V]. The full Moore—
Greitzer model, as described in [37] and [38], includes a cou-
pled infinite-dimensional state. Parameters are chosen based on the
criteria introduced in [38] to ensure that the infinite-dimensional
state quickly converges to zero and decouples from the 2-D
sub-system (19).

Remark 5.5: For £1,&5,v = 0, the system admits a family of equi-
librium points X.(7y) depending on the tunable parameter 7. As
drops in the neighborhood of the deterministic Hopf bifurcation point,
the system undergoes a D-bifurcation (the stability of the invariant
measure ¢y} changes and a new invariant measure in R™ \ {X.}
is built up) and a P-bifurcation (the shape of the density of the new
measure changes). The full stochastic Hopf bifurcation diagram in [39,
Fig 9.13] conveys the brief idea.

Within the a.s. exponentially stable region, any bounded perturbation
& causes a bounded long-term perturbation of X, (), and ultimately
formulates a compact set containing X, (7). For unstable dx,,, es-
pecially for those after P-bifurcation (which is numerically verified to
be larger than v = 0.609 as demonstrated in [40, Fig. 3.2]), we are
interested in stabilizing the robust system to a compact set.

Problem 5.6: We aim to manipulate v and v simultaneously, such
that the state (®, W) are regulated to satisfy reach-avoid-stay spec-
ification (Xp,I",U,1). We require that y: R-o — [0.5,1] is time-
varied withy(0) € [0.62,0.66] and |y(t + 7) — v(¢)| < 0.017 for any
7 > 0. We define Xy = {(®.(7(0)), U (7(0)))}: I to be the ball that
centered at p = (0.4519,0.6513) with radius r = 0.013, ie., I' =
0+ 7B; the unsafe set U = {(z,y) : ha <0} N {(z,y) : hy <0},
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where hq(z,y) = —|(z,y) — (0.49,0.64)| 4+ 0.055 and ho(z,y) =
|(z,y) — (0.50,0.65)| — 0.003. We set v € % = [—0.05,0.05].

We refer readers to [19, Remark 30] for treatments of x4 as another
control input. For each SDE, the signals £; and &5 of each sampling
time is generated randomly from {—0.1,0.1}.

In view of Proposition 5.3 and Remark 5.4, we choose
SLFV (z,y) = 1./2(z — 01)? + 8l.(y — 02)% and a3 (x) = 0.1x; set
B; = —log(h;/1+ h;) for i =1,2. Note that, with multiplicative
noise in (19), the validity of the quadratic function V can be verified
using similar procedures as demonstrated in various examples in [21,
Chapter 4]. The validity of the choice of B;, for i = 1,2, is also
established in [22, Sec. VII]. Due to space limitations, we have omitted
the calculus involved but kindly refer readers to [21] and [22] for
a detailed verification. The settings for the quadratic programming
remain the same as [19, Section V.B]. We mix sample paths under
different &; and £ and show the simulation results in Fig. 1. It can
be demonstrated that, under valid control inputs, all controlled sam-
ple paths satisty the specified probabilistic reach-avoid-stay property
outlined in Problem 5.6.

Remark 5.7: Note that we have adopted reciprocal-type barrier
functions, which potentially generate impulse-like control signals (to
cancel the diffusion effects) and terminate the programming. However,
once the synthesis succeeds, the feasible controlled sample paths satisfy
the specification.

VI. CONCLUSION

In this article, we formulated stochastic Lyapunov-barrier functions
to develop sufficient conditions for probabilistic reach-avoid-stay spec-
ifications. Given the uncertainties of the model, robustness was taken
into account such that a worst-case scenario is guaranteed. We charac-
terized a general topological structure of the initial sets, target sets, and
unsafe sets under the stochastic settings and discussed relaxations given
the smoothness of the unsafe boundary. We investigated the effective-
ness in a case study of jet engine compressor control problem. Despite
the potentially unbounded control inputs, the control version of SLF,
along with reciprocal-type barrier functions, guarantees a Probability-1
satisfaction.

However, like deterministic Lyapunov-like functions only providing
a stability characterization of the solutions, the stochastic Lyapunov-
type argument can only estimate a lower bound of “satisfaction in
probability” without solving the evolving states and distributions. It
renders difficulties of selecting Lyapunov/barrier functions under the
restrictive geometric requirements of the initial conditions and unsafe
sets.

For future work, compared with the rough estimation of “probabilis-
tic domain of satisfactions” given Lyapunov-like functions, it would
be necessary to consider accurate evaluation of laws and investigate
formal methods in providing more reliable schemes for finding the
probabilistic winning sets (from which the specifications are satisfied).
Algorithms should be developed based on sound and (approximately)
complete stochastic abstractions for robust stochastic control synthesis
problems.
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