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ABSTRACT
In this paper, we investigate the almost-sure exponential asymp-
totic stability of the trivial solution of a parabolic stochastic partial
differential equation (SPDE) driven by multiplicative noise near the
deterministic Hopf bifurcation point. We show the existence and
uniquenessof the invariantmeasureunder appropriate assumptions,
and approximate the exponential growth rate via asymptotic expan-
sion, given that the strength of the noise is small. This approximate
quantity can readily serve as a robust indicator of the change of
almost-sure stability. We apply the results to a simplified stochas-
tic Moore-Greitzer PDE model in detecting the stall instabilities of
modern jet-engine under the impact of multiplicative noise. A bet-
ter understanding of the instability margin will eventually optimize
the jet-engine operating range and thus lead to lighter and more
efficient jet-engine design.
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1. Introduction

The almost-sure asymptotic stability/instability of the trivial solution is captured by the
sign of the top Lyapunov exponent λ of the linearized system. In the contexts of stochastic
bifurcation, under proper conditions, for finite-dimensional SDEs with coefficients depen-
dent on some parameter γ , if γ varies in a way that λ(γ ) changes sign from negative
to positive, the trivial solution loses its almost-sure asymptotic stability and a nontrivial
invariant measure is formed. This stochastic Hopf bifurcation is investigated by [3].

In terms of approximations, for systems driven bymultiplicative noise, multiscale analy-
sis and stochastic averaging/homogenization techniques have been applied to dimensional
reduction problems of noisy nonlinear systems with rapidly oscillating and decaying com-
ponents. For finite-dimensional SDEs with small multiplicative noise, when many modes
are ‘heavily damped’, reduced-order models were obtained using a martingale problem
approach in [19]. The result verifies that a lower dimensionalMarkov process characterizes
the limiting behaviour in the weak topology as the noise becomes smaller. In applica-
tion, the authors of [21] derived a low-dimensional approximation of an 11-dimensional
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nonlinear stochastic aeroelastic problem near a deterministic Hopf bifurcation, with one
critical mode and several stable modes. The reduced model performs well in terms of sim-
ulating the distribution, density, as well as the top Lyapunov exponent of the full system
near the deterministic Hopf bifurcation.

In contrast to the finite-dimensional cases, it is difficult to quantitatively describe the
random invariantmanifolds and stochastic bifurcations for SPDEs driven bymultiplicative
noise [8,11,15,23]. However, it is worth mentioning that there are several results regarding
the approximation of the transient dynamics within the critical manifold on a sufficiently
long time scale. For example, thework presented in [4,5,7] describes the phenomenological
bifurcation (defined in [2]) using amplitude equations andmulti-scale analysis techniques.
A more rigorous analysis of the approximation of the invariant measure was developed in
[6]. In terms of stability for infinite-dimensional cases, the almost-sure stability of scalar
stochastic delay differential equations have been studied in [22].

The recent work [5] studies the impact of multiplicative noise in semilinear SPDEs near
the bifurcation using amplitude equations. However, the hypothesis only guarantees a local
existence of a mild solution to the SPDEs up to a random explosion time. Under a stronger
dissipative assumption in the critical modes, the derived amplitude equation can be used to
approximate the solution up to a fixed deterministic time and, hence, predict the stability
of the original SPDE. The approximation error converges in probability.

Unlike [5,19,21], we do not attempt to use averaging/homogenization and dimension
reduction to study the structural change of the invariant measures. In this paper, as a nec-
essary step to study the dynamical bifurcation (defined in [2]) in infinite dimensions, we
aim to investigate the almost-sure asymptotic stability of the trivial solutions of SPDEs
driven bymultiplicative noise. In particular, we study the effect of multiplicative noise near
the Hopf bifurcation point (quasi-static) γc of the unperturbed system. While it remains
challenging to obtain the exact expressions for top Lyapunov exponents, we extend the
multiscale analysis in [22] and find the asymptotic approximation of them. To be more
precise, the multiscale analysis is conducted in the neighbourhood of the deterministic
bifurcation point γc, i.e. γ = γc + ε2q with some q ∈ R and ε � 1. We directly consider
linear (linearized) SPDEs of the following general form

du(t) = A(γ )u(t)dt + εG(u(t))dW(t), (1)

where u(t) takes value in an infinite-dimensional separable Hilbert space H = L2(E) for
some bounded E ⊆ R

n. The self-adjoint unbounded linear A(γ ) that also depends on a
parameter γ ∈ R generates an analytic compact C0 semigroup onH. The operatorG(u) is
Hilbert-Schmidt withG(0) = 0. The noiseW is a cylindricalWiener process with intensity
of ε.

It is worth noting that even a small intensity of stochastic perturbations from the stable
modeswill shift both dynamical and phenomenological bifurcation points. The accuracy of
the approximationmatters in safety-critical industries. Upon improving the approximation
precision, as we will show in this paper, even though the stable modes quickly decay and
can be ignorable, we do not cancel the coupling effects in the multiplicative noise so as
to keep interactions between the critical and stable modes as in the original dynamics. A
closely relatedwork [16, Chapter 6-8] has shown that such a coupling has a slight impact on
the D-bifurcation point as well as on the P-bifurcation point via second-order corrections.
We also pursue in our future work to use this approximation scheme of the top Lyapunov



DYNAMICAL SYSTEMS 3

exponents along with the nonlinear semilinear SPDEs to analyze the structural changes in
random attractors as the trivial solution loses its stability.

The rest of this paper is organized as follows. In Section 2, we introduce the nota-
tions and formulate necessary assumptions for the analysis. In Section 3, we investigate
the almost-sure asymptotic stability of the trivial solution. In particular, we derive the
Furstenberg–Khasminskii formula for the top Lyapunov exponent and show the existence
and uniqueness of the invariant measure under appropriate conditions. We approximate
the exponential growth rate via asymptotic expansion in Section 4. We apply the general
results to a simplified stochastic Moore-Greitzer PDE model with multiplicative noise in
Section 5. The conclusions follow in Section 6.

2. Notations andmain assumptions

Given the separable Hilbert space H, we denote by 〈·, ·〉 the inner product in H and by
‖ · ‖ the norm. We also identify H with its dual through the Riesz isomorphism. Due to
the compactness of the associated semigroup,A(γ ) has a purely discrete point spectrum.
We make the following assumptions onA(γ ) about the point spectrum.

Assumption 2.1: We assume that, for all γ ,

(1) the point spectrum {ρk(γ )}k∈Z0 ofA(γ ) is complex, where ρk(γ ) := ak(γ )+ ibk(γ ) ∈
C and ρ−k(γ ) = ρk(γ ) for all k ∈ Z0;

(2) ρk(γ ) is analytic in γ for all γ ∈ R and all k ∈ Z0, and a1(γ ) > a2(γ ) ≥ · · · ≥
ak(γ ) ≥ . . . ;

(3) the corresponding eigenvectors {ek}k∈Z0 form a complete orthonormal basis of H such
thatA(γ )ek = ρk(γ )ek, 〈e−k, ek〉 = 1 for all k ∈ Z0, and 〈ei, ej〉 = 0 for all i + j 	= 0.

Remark 2.2: Note that by Assumption 2.1, Au =∑k∈Z0
ρk〈e−k, u〉ek for all u ∈ H, and

for all u, v ∈ H we have

〈Au, v〉 =
∑
k∈Z0

ρk〈e−k, u〉〈ek, v〉 =
∑
k∈Z0

ρ−k〈ek, u〉〈e−k, v〉

=
∑
k∈Z0

ρk〈ek, u〉〈e−k, v〉 = 〈u,Av〉,

which indicates the self-adjoint property ofA. The second to the last identity is in that, for
each k 	= 0,

ρ−k〈ek, u〉〈e−k, v〉 + ρk〈e−k, u〉〈ek, v〉 = ρk〈ek, u〉〈e−k, v〉 + ρ−k〈e−k, u〉〈ek, v〉 ∈ R.

With the appearance of noise that is white in time, either white or coloured in space, the
regularity, especially the spatial differentiability, of the solution varies. We introduce the
concept of fractional power space, which renders a more flexible scale of regularity.

Definition 2.3 (Fractional Power Space): For α ∈ R, given the linear operator A(γ ),
define the interpolation fractional power (Hilbert) space [20] Hα := dom(Aα(γ ))
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endowed with inner product 〈u, v〉α = 〈Aαu,Aαv〉 and corresponding induced norm
‖ · ‖α := ‖Aα · ‖. Furthermore, we denote the dual space of Hα by H−α w.r.t. the inner
product inH.

Remark 2.4: Note that, for all α ≥ β , we have the inclusion Hα ⊂ Hβ . In addition, for
any α > 0, we have Hα ⊂ H ⊂ H−α . We also kindly refer readers to [7,12,17] for more
properties of the fractional power space.

Since γc is the deterministic Hopf bifurcation point, we have a±1(γc) = 0 as well as
a′±1(γc) 	= 0, b±1(γc) 	= 0, whilst the rest of the spectrum stays in the left half-plane. We
introduce the shorthand notation h := e1 and h̄ := e−1 to denote the critical eigenvectors.
We denote by h∗ and h̄∗ the associated adjoint eigenvectors, which satisfy

〈h∗, h〉 = 1, 〈h∗, h̄〉 = 0, 〈h̄∗, h̄〉 = 1, 〈h̄∗, h〉 = 0.

Due to the existence of spectral gap, we also introduce the projections and basic properties
ofA(γ ).

Definition 2.5: The critical projection operator is defined as

Pc(·) := 〈h∗, ·〉h + 〈h̄∗, ·〉h̄. (2)

The stable projection operator is Ps = I − Pc. For simplicity, we introduce shorthand nota-
tion Ac(γ ) := PcA(γ ). We define As(γ ), Gc, Gs, Hc, Hs, Hα,c and Hα,s in a similar
way.

Definition 2.6 (Other notations forA(γ )): To this end, we use

(1) Zc := {±1}, Zs := Z0 \ {±1}.
(2) Ac

c := Ac(γc),Aq
c := qA′

c(γc); the associated eigenvalues ofAc
c andA

q
c are respec-

tively denoted by

ρc
c = ibc

c := ib1(γc), ρ̄c
c = −ibc

c := −ib1(γc),

ρq
c = aq

c + ibq
c := q(a′

1(γc)+ ib′
1(γc))

and

ρ̄q
c = aq

c − ibq
c := q(a′

1(γc)− ib′
1(γc)).

(3) Aer
c := ε−2[Ac(γc + ε2q)− Ac

c − ε2Aq
c ], the associated eigenvalues of Aer

c are
denoted as ρer

c and ρ̄er
c .

(4) As := As(γ ) for all γ andAc := As + Ac
c.

Remark 2.7: We introduce the second-order expansionAer
c ofAc(γ ) around γc to better

understand the effect in themultiscale expansionwhen the parameter of the linear operator
is close to the deterministic Hopf bifurcation point.

Assumption 2.8: We assume that, for each γ ∈ R,A(γ ) generates an analytic compact C0
semigroup {etA(γ )}t≥0 onH,which also commute with the critical projection operator Pc.We
further assume that
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(1) There exists some Ms > 0 and cs > 0 such that for all u ∈ Hs,

‖etA(γ )u‖ ≤ Me−cst‖u‖, ∀ t ≥ 0.

(2) There exists M>0 and c ≥ 0 such that for all u ∈ H and each γ ,

‖etA(γ )u‖ ≤ Mect‖u‖, ∀ t ≥ 0.

Proposition 2.9: For each u ∈ H and for all ε ∈ (0, 1), there exist someCq > 0 andCer > 0
such that

〈Aq
c u, u〉 ≤ Cq‖Pcu‖2 and 〈Aer

c u, u〉 ≤ ε2Cer‖Pcu‖2.

Proof: It is clear from the definition of projection that

〈Aq
c u, u〉 = 〈Aq

c (Pcu + Psu),Pcu + Psu〉 = 〈Aq
c (Pcu),Pcu〉

= ρq
c 〈ῡ,Pcu〉〈υ,Pcu〉 + ρ̄q

c 〈υ,Pcu〉〈ῡ,Pcu〉
≤ 2|aq

c |2 · ‖Pcu‖2. (3)

The bound for 〈Aer
c u, u〉 can be obtained in a similar way with by the Cauchy-Taylor

expansion based on the additional analyticity of ρ±1(γ ) as in (2) of Assumption 2.1. �

Now, wemove on to the assumptions on the last term in (1). LetL2(E,K) denote the set
of all Hilbert-Schmidt operators from E to K for any separable Hilbert spaces E and K. We
write L2(E) instead of L2(E,E) for short. We denote by ‖ · ‖L2(E,K) the norm for Hilbert-
Schmidt operators. If the spaces E and K are not emphasized, we also use the shorthand
notation ‖ · ‖L2 .

Assumption 2.10: Let V be a separable Hilbert space with orthonormal basis {zk}k∈Z0 . We
assume W is a V-valued cylindrical Wiener process.

Assumption 2.11: Assume that, for each α ∈ (0, 1] and for all u ∈ Hα , G(u) is a Hilbert-
Schmidt operator from V toHα , i.e. G : Hα → L2(V ,Hα). We further require that G(u) is
Fréchet-differentiable satisfying

(1) there exists an 	1 > 0 s.t. ‖G(u)‖L2(V ,Hα) ≤ 	1‖u‖α for all u ∈ Hα ;
(2) there exists an 	2 > 0 s.t. ‖G′(u) · v‖L2(V ,Hα) ≤ 	2‖v‖α for all v ∈ Hα ;
(3) G′′(u) = 0 for all u ∈ H.

Remark 2.12: Given an orthonormal basis {zk}k∈Z0 of V , we can write

G(u) =
∑
j∈Z0

∑
k∈Z0

gjk(u)ej ⊗ zk,

where gik(u) ∈ R is the eigenvalue of the operatorG(u) for all u ∈ Hα and for all j, k ∈ Z0.
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3. Stability analysis of the trivial solution

In this section, we investigate the almost-sure asymptotic stability of the trivial solution 0,
or equivalently, the trivial invariant measure δ0, usingmultiscale techniques.We recall that
γ = γc + ε2qwith some unfolding parameter q ∈ R, and introduce the notion of solution
under re-scaled time as follows, i.e. we introduce

z(t) = 〈h∗, u(ε−2t)〉 and z̄(t) = 〈h̄∗, u(ε−2t)〉
as the complex amplitudes of the critical mode and y(t) = Psu(ε−2t). Then the solution u
of (1) can be written as

u(t) = z(ε2t)h + z̄(ε2t)h̄ + y(ε2t).

We denote the real part and imaginary part of z as z1 = Re(z) and z2 = Im(z), respectively.
Note that when the system is close to the critical point, due to the existence of the

spectral gap,we decompose (1) into the re-scaled critical and fast-varyingmodes as follows:

dz = ε−2ρc
c zdt + ρq

c zdt + 〈h∗,G(zh + z̄h̄ + y)dWt〉 + ρer
c zdt,

dy = ε−2Asydt + Gs(zh + z̄h̄ + y)dWt ,

or equivalently,

d
[
z1
z2

]
=
[

0 −ε−2bc
c

ε−2bc
c 0

] [
z1
z2

]
+
[
aq
c −bq

c
bq
c aq

c

] [
z1
z2

]

+
[
GR
c (zh + z̄h̄ + y)

GI
c(zh + z̄h̄ + y)

]
dWt + O(ε2), (4a)

dy = −ε−2Asydt + Gs(zh + z̄h̄ + y)dWt , (4b)

whereW(t) ∼ ε−1W(ε−2t)1 and

Ĝ1(u)w := 〈h∗,G(u)w〉, ∀ u ∈ Hα , ∀ w ∈ V ; (5a)

GR
c (u) = Ĝ1(u)+ Ĝ1(u)

2
, GI

c(u) = Ĝ1(u)− Ĝ1(u)
2

. (5b)

We impose the initial condition to (4a) as z(0) = 〈h∗, u0〉 and y(0) = Psu0.
The truncation error term O(ε2) in (4a) comes from the transformation of ρer

c zdt,
whose property has been verified in Proposition 2.9. In addition, given any x(0) ∈ Hα
of orderO(1), one can easily verify by the boundedness of the operatorAer

c as well as the
property of E sup0≤t≤T ‖x(t)‖pα that, for any fixed time T>0 and fixed p>0, there exist
constants C>0 such that

E sup
0≤t≤T

∥∥∥∥
∫ t

0
Aer

c x(σ ) dσ
∥∥∥∥
p

α

≤ Cε2p. (6)

Weuse the notationO(ε2) for short to indicate its order of error after integration.Due to
the continuity of the termO(ε2) in ε and the insignificant effect, to this end, wework on the
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following equation to derive the first order approximation of the top Lyapunov exponent.

d
[
z1
z2

]
=
[

0 −ε−2bc
c

ε−2bc
c 0

] [
z1
z2

]
+
[
aq
c −bq

c
bq
c aq

c

] [
z1
z2

]

+
[
GR
c (zh + z̄h̄ + y)

GI
c(zh + z̄h̄ + y)

]
dWt , (7a)

dy = −ε−2Asydt + Gs(zh + z̄h̄ + y)dWt . (7b)

3.1. The Furstenberg–Khasminskii formula for the top Lyapunov exponent

Let

p(t) = 1
2
ln(z21(t)+ z22(t)), z1(t) = ep(t) cos(φ(t)), z2(t) = ep(t) sin(φ(t))

and ηt = e−p(t)yt , where φ ∈ [0, 2π] is the phase angle in the unit sphere [14] satisfying

z1 = |z| cos(φ), z2 = |z| sin(φ). (8)

Therefore, by Itô’s formula,

dp = aq
c dt +�(φ, η)dt + [GR

c (φ, η) cosφ + GI
c(φ, η) sinφ]dWt , (9a)

dφ = (ε−2bc
c + bq

c )dt + �(φ, η)dt − Gφc (φ, η)dWt , (9b)

dη = ε−2Asηdt + Gs(φ, η)dWt , (9c)

where2

GR
c (φ, η) := GR

c (cos(φ)h + sin(φ)h̄ + η), GI
c(φ, η) := GI

c(cos(φ)h + sin(φ)h̄ + η),
Gs(φ, η) := Gs(cos(φ)h + sin(φ)h̄ + η), Gφc (φ, η) := GR

c (φ, η) sinφ − GI
c(φ, η) cosφ,

and

� := −cos(2φ)
2

tr[GR
c (G

R
c )

∗ − GI
c(G

I
c)

∗](φ, η)− sin(2φ)
2

tr[GR
c (G

I
c)

∗ + GI
c(G

R
c )

∗](φ, η),

� := sin(2φ)
2

tr[GR
c (G

R
c )

∗ − GI
c(G

I
c)

∗](φ, η)− cos(2φ)
2

tr[GR
c (G

I
c)

∗ + GI
c(G

R
c )

∗](φ, η).

We also name Gp
c (φ, η) := GR

c (φ, η) cosφ + GI
c(φ, η) sinφ for future references.

The initial condition is such that p0 = p(0) = ln |z(0)|, φ0 = φ(0) = arctan( z2(0)z1(0) ) and
η0 = η(0) = e−p(0)y(0).

We also denote the drift term of (9a) as

Qq(φ, η) := aq
c +�(φ, η). (10)

Remark 3.1: Let a := tr[GR
c ] and b := tr[GI

c] for some fixed (φ, η), then �+ i� =
−e−2iφ(a + bi)2.
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Noticing that p(t) only depends on φ(t) and η(t), if there exists a unique invariant mea-
sure με for the product process (φ(t), η(t)) ∈ [0, 2π] × Hs, the top Lyapunov exponent
can be determined by the Furstenberg–Khasminskii formula:

λq,ε = lim
t→∞

1
t
ln |z(t)|

=
∫
[0,2π]×Hs

Qq(φ, η)μq,ε(dφ, dη) =: 〈Qq,μq,ε〉. (11)

To this end, we show the existence and uniqueness of the invariant measure under
appropriate conditions.

Remark 3.2: Since we do not emphasize the variation q as what we do in the study of
bifurcation theory, to simplify the notation, we use λε ,Q andμε instead for the derivations
and proofs.

3.2. Existence of invariantmeasure

Note that (9b) and (9c) are coupled via the multiplicative noise. The mutual dependence
of φ and η brings difficulty to study the explicit dependence of {φ(t)}t≥0 for the solution
{η(t)}t≥0 to (9c) pathwisely. Nonetheless, we are able to take advantage of the compact-
ness of [0, 2π] and start with investigating the bounds for the stable marginals based on
Assumptions 2.8 and 2.11.

Lemma 3.3: Let Assumptions 2.1, 2.8 and 2.11 be satisfied. Suppose that η(0) ∈ Hα,s, then
there exists a C>0 such that for sufficiently small ε > 0,

sup
t≥0

E‖η(t)‖2α ≤ C.

Proof: Consider Yosida approximation As,n := nAs(nI − As)
−1 of As. We denote ηn by

the solution to

dηn = −ε−2As,nηndt + Gs(φ, ηn)dWt , ηn(0) = η(0).
Apply Itô’s formula to ‖ηn(t)‖2α , then

d‖ηn(t)‖2α = −2ε−2〈As,nηn(t), ηn(t)〉αdt + ‖Gs(φ(t), ηn(t))‖2L2
dt

+ 2〈ηn(t), Gs(φ(t), ηn(t))dWt〉α .
Taking the expectation, using the property ofAs,n andGs, for some ε within a small range,
there exists an w>0, w̃ > 0 and C̃ > 0 such that for all t ≥ 0,

dE‖ηn(t)‖2α
dt

= E
{−2ε−2〈As,nηn(t), ηn(t)〉α + ‖Gs(φ(t), ηn(t))‖2L2

}
≤ −2ε−2wE‖ηn(t)‖2α + 	2E| cos(φ(t))+ sin(φ(t))|2 + 	2E‖ηn(t)‖2α
≤ −w̃E‖ηn(t)‖2α + C̃

It follows from Gronwall’s inequality that, for each n, we have E‖ηn(t)‖2α < C for every
t ≥ 0 and some C>0. The conclusion follows by sending n to infinity. �
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Lemma 3.4: Let the assumptions in Lemma 3.3 be satisfied. Fix any T>0 and any p ≥ 2.
For any initial condition η(0) ∈ Hα,s a.s., there exists some C>0 such that

E sup
0≤t≤T

‖η(t)‖pα ≤ ‖η(0)‖pα + Cεp.

Proof: For t ∈ [0,T], the mild solution is given as

η(t) = eε
−2tAsη(0)+

∫ t

0
eε

−2(t−s)AsGs(φ(s), η(s)) dWs. (12)

Let PsWG
A(t) :=

∫ t
0 e
ε−2(t−s)AsGs(φ(s), η(s)) dWs denote the stochastic convolution. The

bound for the stochastic convolution follows [10, Proposition 7.3]. Indeed, by Lemma 3.3,
there exists some C>0 and C′ > 0, such that

∫ T

0
E‖Gs(φ(s), η(s))‖pL2(V ,Hα) ds

≤ C
∫ T

0
E‖ cos(φ(s))+ sin(φ(s))+ η(s)‖pα ds < C′ <∞.

Therefore Gs(φ(s), η(s)) is L2 predictable and there exists constants CT > 0 and C′
T > 0

such that

E sup
0≤t≤T

∥∥∥PsWG
A(t)

∥∥∥p
α

≤ εpCTE
(∫ T

0
‖Gs(φ(s), η(s)))‖pL2(V ,Hα) ds

)
≤ εpC′

T , (13)

which implies that E sup0≤t≤T ‖η(t)‖pα ≤ ‖η(0)‖α + C′
Tε

p. �

For test functions f ∈ C2
b([0, 2π] × Hs), the transition semigroup of (9b) and (9c) is

such that Ttf = E[f (φ(t), η(t))|(φ, η)]. Based on the compactness of [0, 2π] and the above
uniform bounds for {η(t)}t≥0, the existence of invariant measure is guaranteed.

Proposition 3.5: Let the assumptions in Lemma 3.3 be satisfied. Then there exists an
invariant measure for the transition semigroup {Tt}t≥0 of (9b) and (9c) on [0, 2π] × Hs.

Proof: We show the sketch of the proof. By the stability assumptions onAs, one can check
that ∫ 1

0
t−2α‖S(t)‖2L2(H,H) dt <∞

for each α ∈ (0, 1], where S(t) := eε
−2tAs . This implies thatAs generates a compact semi-

group on H. It follows that, by introducing the compact operator Gα : Lp([0,T];H))→
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C([0,T];H) for 0 < 1/p < α ≤ 1 and t ∈ [0,T]:

Gαf (t) =
∫ t

0
(t − s)α−1S(t − s)f (s) ds, f ∈ Lp([0,T],H),

as well as Yα(t) = ∫ t0 (t − r)−αS(t − r)Gs(φ(r), η(r)) dW(r), the mild solution can be
expressed as

y(t) = S(t)y0 + sinαπ
π

Gα(Yα)(t). (14)

The compactness of Gα has been shown in [10, Proposition 8.4] based on the compactness
of {S(t)}t≥0.

Let L (·) denote the law of random variables on the canonical space generated by
[0, 2π] × Hs. By the compactness of [0, 2π] as well as the boundedness given in Lem-
mas 3.3 and 3.4, applying [9, Proposition 6], it is straightforward to show that{

1
tn

∫ tn

0
L (φ(s), η(s)) ds

}

forms a tight family of measure. The existence of invariant measure for {(φ(t), η(t))}t≥0
under Tt follows by Krylov–Bogoliubov’s Theorem (along the same time sequence). �

3.3. Transient dissipativity of the stablemodes

The following lemma shows the approximated dissipativity condition given any transient
transitions.

Lemma 3.6: Let the assumptions in Lemma 3.3 be satisfied. For each arbitrarily small ε > 0
and fixed φ ∈ [0, 2π], there exists w>0 such that, for all η1, η2 ∈ Hα,s,

−2ε−2〈As,n(η1 − η2), (η1 − η2)〉α + ‖Gs(φ, η1)− Gs(φ, η2)‖2L2
≤ −ε−2w‖η1 − η2‖α ,

whereAs,n is the Yosida approximation ofAs.

Proof: The conclusion can be obtained under the assumptions considering sufficiently
small ε > 0. �

Remark 3.7: For each fixed φ ∈ [0, 2π], we can denote {ηφ,η0(t)}t≥0 as the solution to (9c)
with η(0) = η0 a.s.. Note that by a similar approach as in [10, Theorem11.30], we can verify
that for each fixed φ ∈ [0, 2π], given the initial condition η0 = 0 a.s., the probability law of
ηφ,0(t) converges weakly to the law of a random variable yφ ∈ L2(�,Hα,s) as ε−2t → ∞.

Indeed, one can consider Equation (9c) on the whole real line and denote {ηφ,η0τ (t)}t≥−τ
by the solution that start at time−τ in η0. ThenL (ηφ,η0(τ )) = L (η

φ,η0
τ (0)) for each τ ≥

0. By similar proof as in Lemma 3.6, we have themean square stability for each φ ∈ [0, 2π]:

E‖ηφ,0τ (0)− ηφ,0σ (0)‖2α ≤ MCe−ε−2wτ , σ > τ .

The above inequality demonstrates that the Cauchy sequence in L2 is dominated by
Ce−ε−2ωτ , and as ε−2τ → ∞, there exists a unique limit yφ whose law is the required
weak limit of {L (ηφ,0(t))}t≥0.
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By virtue of Remark 3.7, the following proposition shows the transient behaviour of the
transition along theHs subspace. It is worth noting that the result only trivially describes
the stable marginal of an invariant measure.

Proposition 3.8: As ε → 0, at each t>0, the marginal transition probability Ht(· |φ, η) of
(9c) converges weakly a measure νφ(dη) onHs that only depends on φ.

Proof: By Remark 3.7, for η(0) = 0 and each φ ∈ [0, 2π], there exists a unique limit yφ

with probability law νφ(dη) as ε−2t → ∞. Note that as ε → 0, at each t>0, we have
ε−2t → ∞. Therefore, the marginal transition of ηφ,0(t) is given as

Ht(dηt |φ, η) = Ht(dηt |φ, η)1{η=0}
≈ νφ(dηt). (15)

We now consider a random initial distribution and let L (η(0)) = ν0. Since we have
E[η2(0)] <∞, by a similar argument as Lemma 3.3, we can show that

lim
ε−2t→∞

E‖ηφ,0(t)− ηφ,ν0(t)‖2α = 0, φ ∈ [0, 2π], (16)

where ηφ,0(t) denotes the solution of (9c) with η(0) = 0 a.s. and ηφ,ν0(t) denotes the
solution of (9c) with L (η(0)) = ν0 for some fixed φ. We aim to show that for any
test function f ∈ Cb(Hs), each of {ηφ(t)}φ with an arbitrary initial distribution con-
verges weakly to the same limit point with probability law in {νφ}φ for νφ(dηt) :=
limε−2t→∞ Ht(dηt |φ, η)ν0(dη), i.e.∫

Hs

f (η(t))Ht(dηt |φ, η)ν0(dη) ε
−2t→∞−−−−−→

∫
Hs

f (η(t))νφ(dηt), φ ∈ [0, 2π]. (17)

Following the approach in [9, Theorem 1], we can show that for each fixed φ,∣∣∣∣E[f (ηφ,ν0(t))] −
∫
Hs

f (η)νφ(dη)
∣∣∣∣

≤ E
∣∣f (ηφ,ν0(t))− f (ηφ,0(t))

∣∣+ ∣∣∣∣E[f (ηφ,0(t))] −
∫
Hs

f (η)νφ(dη)
∣∣∣∣

=: I1(t)+ I2(t) (18)

where I2(t)→ 0 as discussed above, I1(t) is arbitrarily small. Indeed,

I1(t) ≤ C · P[‖η0‖α ≥ R] + E[1{‖η0‖α≤R} · f (ηφ,ν0(t))− f (ηφ,0(t))]

=: I3(t)+ I4(t) (19)

where the constantC in I3(t) is by the boundedness property of f. For arbitrary ς > 0, since
η0 ∈ L2(�;Hα,s), there exists R>0 such that

P[‖η0‖α ≥ R] < ς .

We choose R based on an arbitrary small ς . Note that I4(t) is restricted in a compact sub-
space and f becomes uniformly continuous, by the property of f and (16), I4(t)→ 0 as
ε−2t → ∞.
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We have seen that νφ(dη) is unique w.r.t. each φ with arbitrary initial distribution ν0,
including δη. The statement hence follows. �

Remark 3.9: Unlike the case where the linearized equations have no coupling effects,
we are not able to explicitly solve the invariant measure for {η(t)}t≥0 by considering the
transitions separately.

The above proposition only provides a view that the marginal transition along Hs
quickly forgets the initial point η for sufficiently small noise. In this view, we can represent
an invariant measure by a disintegrated form

μ(dφ × dη) =
∫
[0,2π]×Hs

R(dφ |φ, η)νφ(dη)μ(dφ × dη)

=: μ̃(dφ)ν̃φ(dη).

Note that μ̃(dφ) and ν̃φ(dη) are difficult to solve explicitly. This, however, motivates us to
deliver an approximation in Section 4 of the invariantmeasurewith the above disintegrated
form.

3.4. Conditions on uniqueness of invariantmeasure

We have seen in Section 3.3 that the disintegration measure νφ(dη) along Hs uniquely
exists given any φ. Similarly, under condition that Gφc (G

φ
c )

∗ 	= 0 for all φ [14], for each η,
the solution of

dφ = (ε−2bc
c + bq

c )dt + �(φ, η)dt − Gφc (φ, η)dWt (20)

admits a unique limit measure that is solved by the associated Fokker-Plank equation

dp
dφ
(
ε−2bc

c + bq
c + �(φ, η))+ 1

2
d2p
dφ2

[
Gφc (G

φ
c )

∗] (φ, η) = 0, (21)

where p is the density function.
However, as discussed in Remark 3.9, it will not be enough to consider ergodicity or

uniqueness of invariant measure for {φ(t)}t≥0 and {η(t)}t≥0 separately. It is not sufficient
to only suppose the full-rank property of Gφc . We hence impose a set of extra stronger
conditions to guarantee the uniqueness of the invariant measure.

Assumption 3.10: For any α ∈ (0, 1], we assume that the operator G(u) is invertible for
each u ∈ Hα \ {0}.

The above assumption plays a role as the Lie algebra condition to guarantee the
uniqueness of the {Tt}t≥0 for the coupled linearized system. It is equivalent to verify the
non-singular condition, i.e. we needG(u) to be bounded frombelow in the following sense:

〈G(u)v, v〉α ≥ m‖u‖α‖v‖, m > 0, v ∈ V . (22)

Combining with Assumption 2.11 and 2.8, it can be verified that G(u) is holomorphic on
Hα \ {0}.
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4. Asymptotic approximation of the top Lyapunov exponent

Motivated by Remark 3.9, we derive the asymptotic expansion of the invariant measureμε
in this section for the approximation of the top Lyapunov exponent. By [10, Theorem 9.25],
we can show that for any test function f ∈ C2

b([0, 2π] × Hs), the quantity Ttf satisfies

lim
t↓0

Ttf (φ, η)− f (φ, η)
t

= Lq,εf (φ, η)

where

Lq,ε = 1
ε2

L0 + L
q
1, (23)

and

L0(·) =
[
bc
c
∂

∂φ
+ Asη

∂

∂η

]
(·)

L
q
1(·) =

[
(bq

c + �(φ, η) ∂
∂φ

]
(·)+ 1

2
tr
[
∂2(·)
∂η2

GsG∗
s + ∂2(·)

∂φ2
Gφc (G

φ
c )

∗
]
(φ, η)

Remark 4.1: To simplify the notation, we use Lε and L1 instead of Lq,ε and L
q
1 in this

section.

For any test function f ∈ C2([0, 2π] × Hs) one should have 〈Lεf ,με〉 = 0. We expand
με as

με = μ0 + ε2μ1 + O(ε3), (24)

then, respectively on the levelO(ε−2) andO(1),

〈L0f ,μ0〉 = 0 (25a)

〈L0f ,μ1〉 = −〈L1f ,μ0〉 (25b)

We proceed to find the solutions to (25a). Here we adopt a method similar to [22] to
evaluate the first order asymptotic expansion of the top Lyapunov exponent. The proofs
related to solving (25a) are completed in the Appendix.

Proposition 4.2: μ0(dφ × dη) = dφ
2π δ0(dη) is an ergodic measure for equation (25a).

To solve (25b), we first calculate R.H.S. of (25b) using the following lemma.

Lemma 4.3:

−〈L1f ,μ0〉 =
∫ 2π

0

∂�

∂φ
(φ, 0)f (φ, 0)

dφ
2π

−
∫ 2π

0

{
f (φ, η) tr[(DφG

φ
c )(DφG

φ
c )

∗]
}
η=0

dφ
2π

− 1
2

∫ 2π

0

⎧⎨
⎩
∑
k,j∈Zs

[GsG∗
s ]kjf

′′
η (φ, η; ek, ej)

⎫⎬
⎭
η=0

dφ
2π

, (26)

where [GsG∗
s ]kj := 〈GsG∗

s ek, ej〉, and f ′′η (φ, η; ek, ej) is the Fréchet derivative w.r.t. η along ek
and ej.
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Observing the above, we try ansatz of the following form to match the R.H.S. of (25b):

μ1(dφ × dη) = dφ
2π
κ(φ)δ0(dη)+ dφ

2π
∂2δ0

∂η2
(χ(φ), h)(dη), (27)

where κ : [0, 2π] → R,χ : [0, 2π] → Hs, and an arbitraryh =∑k∈Zs
〈h, ek〉ek 	= 0 (recall

notation Zs in Definition 2.6) that can make the calculation simple.

Remark 4.4: The expression ∂
2δ0
∂η2
(a, b)(dη) appears in the above ansatz is the measure on

Hs in the sense of directional distribution, where a and b are the directions. For Fréchet
differentiable test function f (φ, η), we define the Fréchet derivatives

f ′(φ, η; a) := ∂f
∂η
(φ, η)(a) and f ′′(φ, η; a, b) := ∂2f

∂η2
(φ, η)(a, b).

Then the distributional measure should satisfy

〈
f (φ, η),

∂δ0

∂η
(a)(dη)

〉
=
〈
∂f
∂η
(φ, η)(a), δ0(dη)

〉
= −f ′(φ, 0; a),

and, likewise, 〈
f (φ, η),

∂2δ0

∂η2
(a, b)(dη)

〉
= f ′′(φ, 0; a, b).

Proposition 4.5: Let κ(φ) and χ(φ) be the notions in the ansatz (27). Let χk(φ) :=
〈χ(φ), ek〉 for k ∈ Zs and choose h =∑k∈Zs

hkek ∈ Hα,s, where hk = 1
2|k|+2(1−ρk) and ρk

is the k-th eigenvalue defined in Assumption 2.1. Suppose κ(φ) solves

−bc
c
∂κ

∂φ
(φ) = ∂�

∂φ
(φ, 0)− tr[(DφG

φ
c )(DφG

φ
c )

∗](φ, 0). (28)

and χk(φ) solves (
bc
c
∂

∂φ
− ρk + 1

)
χk(φ) = −

∑
j∈Zs

{
[GsG∗

s ]kj
}
η=0 (29)

for all k ∈ Zs. Then,

μ1(dφ, dη) = dφ
2π
κ(φ)δ0(dη)+ dφ

2π
∂2δ0

∂η2
(χ(φ), h)(dη).

By solving (28) and (29), we are able to obtain the exact form of μ1 as in (27).
Given the assumptions on G, the terms ∂�∂φ and tr[(Gφc )(G

φ
c )

∗], tr[(DφGφc )(Dφ(Gφc )∗]
are Lipschitz continuous in φ, the existence of solutions is guaranteed. Based on the
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differentiability assumption of G, the solution to (28) is

κ(φ) = − 1
bc
c

(
�(φ, 0)+ 1

2
tr[Gφc (DφG

φ
c )

∗ + (DφGφc )(Gφc )∗](φ, 0)
)

+ 1, (30)

where the constant 1 comes from the marginal integral over φ. Note that (29) can also be
represented as (

bc
c
∂

∂φ
− As + 1

)
χ(φ) = −

∑
k,j∈Zs

{
[GsG∗

s ]kj
}
η=0 <∞,

since the operator on the L.H.S. is both unbounded in S andHs, we have

χ(φ) = −
(
bc
c
∂

∂φ
− As + 1

)−1 ∑
k,j∈Zs

{
[GsG∗

s ]kj
}
η=0

well defined. For short, we let GR
k + iGI

k = −∑j∈Zs
{[GsG∗

s ]kj}η=0, then for each k ∈ Zs,

bc
c
∂

∂φ

[
χR
k
χ I
k

]
(φ)−

[
ak − 1 −bk
bk ak − 1

]
χk(φ) =

[
GR
k

GI
k

]
,

and [
χR
k
χ I
k

]
(φ) =

[
ak − 1 −bk
bk ak − 1

]−1 (
eϑk
[
cos(wk) − sin(wk)

sin(wk) cos(wk)

]
−
[
GR
k

GI
k

])
(31)

is the solution, where ϑk := (ak−1)φ
bc
c

and wk := (bk−1)φ
bc
c

. Then

χ(φ) =
∑
k∈Zs

(χR
k (φ)+ iχ I

k(φ))ek. (32)

Now that λε = 〈Q,με〉 = 〈Q,μ0〉 + ε2〈Q,μ1〉 + r(ε), where r(ε) represents the
remainder. By a similar argument as [1, Section 3] and [22, Lemma 4.3], we show that
r(ε) = O(ε3).

Proposition 4.6: For the generator Lε = 1
ε2

L0 + L1, there exists functions F0, F1 on
[0, 2π] × Hs and functions f̃0, f̃1 that are independent of S × Hs, such that the sequence
of Poisson equations

L0F0 = ζ − f̃0

L0F1 + L1F0 = −f̃1
(33)

are satisfied. As a consequence,

r(ε) = −ε3[〈L1F1,με〉 + 〈L1(F0 + ε2F1),μ1〉 − 〈L1F1,μ0 + ε2μ1〉]. (34)
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Given the boundedness supφ,η{|L1F1|, |L1F0|} = C, we immediately have |r(ε)| <
O(ε3). Eventually, combining with με , we have

λε = 〈Q,μ0〉 + ε2〈Q,μ1〉 + O(ε3)

= 1
2π

∫ 2π

0
Q(φ, 0) dφ + ε2

2π

∫ 2π

0
Q(φ, 0)κ(φ) dφ

+ ε2

2π

∫ 2π

0
Q′′
⎛
⎝φ, 0;∑

k∈Zs

(χR
k (φ)+ iχ I

k(φ))ek,
∑
k∈Zs

1
2|k|+2(1 − ρk)ek

⎞
⎠ dφ

+ O(ε3). (35)

5. Application to perturbedMoore-Greitzer PDEmodel

In this section, we apply the analytical result to predicting rotating stall instability margins
in the presence of a multiplicative noise for jet engine compressors. We investigate the
perturbed Moore-Greitzer partial differential equation (PDE) model, which captures flow
and pressure changes in axial-flow jet engine compressors.

To begin with, the jet-engine compressor gives pressure rise to the upstream flow and
sends it into the plenum through the downstream duct. The throttle controls the averaged
mass flow through the system at the rear of the plenum. The stall is such that the upstream
non-uniform disturbance generates a locally higher angle of attack, and propagates along
the blade row without mitigation. The unperturbed deterministic Moore-Greitzer PDE
model was introduced in [18], and captures the dynamical evolution of this disturbance.
The model is given explicitly as

∂tv = Av + fγ (v), (36)

where the states v(t) = [u(t),�(t),�(t)]T . The physical meaning of the states are as fol-
lows: u(t, θ) ∈ R represents the velocity of upstream disturbance along the axial direction
at the duct entrance, �(t) ∈ R is the averaged mean flow rate, �(t) ∈ R is the averaged
pressure. We require that u(t, 0) = u(t, 2π), uθ (t, 0) = uθ (t, 2π) and

∫ 2π
0 u(t, θ) dθ = 0,

thus, u(t, θ) for all t and θ can be represented as

u(t, θ) =
∑
k∈Z0

uk(t)ek,

where ek = eikθ . Equivalently, by defining

H :=
{
u ∈ L2(0, 2π) : u(0) = u(2π), uθ (0) = uθ (2π),

∫ 2π

0
u(θ) dθ = 0

}
,

we also have u(t) ∈ H and v(t) ∈ U := H × R × R. The Fourier basis {ek}k∈Z0 is the nat-
ural orthonormal basis of H. The operator matrix A and the vector field f in (36) are
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given as

A =
⎡
⎣K−1( ν2

∂2

∂θ2
− 1

2
∂
∂θ ) 0 0

0 0 0
0 0 0

⎤
⎦ and fγ (v) =

⎡
⎢⎣aK

−1(ψc(�+ u)− ψ c(�, u))
1
lc (ψ c −�)

1
4lcB2

(�− γ√
�)

⎤
⎥⎦ .

The operator K is defined as a Fourier multiplier,

K(u) =
∑
k∈Z0

{
1 + am

|k|
}
uk(t)ek,

where a is the internal compressor lag and m is the duct parameter. The compressor
characteristic ψc is given in a cubic form

ψc(�) = ψc0 + ι
[
1 + 3

2

(
�

 
− 1
)

− 1
2

(
�

 
− 1
)3
]
,

where ψc0 , ι and  are real-valued parameters that are defined by the compressor config-
uration. We also define

ψ c(�, u) :=
1
2π

∫ 2π

0
ψc(�+ u) dθ .

As for the other parameters, lc > 0 is the compressor length, B>0 is the plenum-to-
compressor volume ratio, ν > 0 is the viscous coefficient. The parameter γ represents
the throttle coefficient, the decrease of which will cause the stability change. We choose
coefficients properly such that

! :=
ψc0 + ι

[
1 + 3

2

√
1 − ν 

3aι − 1
2

(√
1 − ν 

3aι

)3]

 

(
1 +

√
1 − ν 

3aι

) − a
4B2ν

< 0,

which implies that a stall (Hopf bifurcation) can occur in H [24]. The complete stability
and bifurcation analysis of the deterministic model were conducted in [24,25].

Considering space-time turbulence to the infinite-dimensional state variable, the result-
ing dynamics for this perturbed variable will be identical to the noiseless case with the
addition of a multiplicative noise and an additive noise. This fact is from the modelling
perspective of the original Moore-Greitzer model.

To bemore specific, the viscousMoore-Greitzer equation is based on the Navier–Stokes
equation and a non-rigorous stochastic homogenization theory of fluids [13]. In other
words, the quantity u captures the mean of the actual stochastically excited turbulent
flow ũ(t, θ) := u(t, θ)+ εẆ(t, θ), where W(t, θ) is a space-time noise with mean 0 and
Ẇ(t, θ) := ∂W

∂t (t, θ) denotes its (distributional) derivative of time; ε > 0 represents the
intensity of the noise. To simplify the analysis, we assume that the states (�,�) quickly
converges to the equilibrium points (�e(γ ),�e(γ )) for every γ in the neighborhood of
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the quasi-static stall bifurcation point γc (of the unperturbed system). We can verify by a
direct calculation that ũ satisfies the following SPDE

dũ(t) = Aũ(t)dt + fγ (ũ(t),�e(γ ),�e(γ ))dt + ε 3ι
 
ũ(t) · dWt + ε 3ι

 
�e(γ )dWt . (37)

for all q ∈ R, where the multiplicative term ũ(t)dWt and the additive term3 �e(γ )dWt
are generated through the nonlinear term fγ . It is clear that u = E[ũ] satisfies the original
equation. Note that we have investigated the impact of the additive noise in [17]. As a vital
step towards understanding the combined effects of the additional stochastic terms in (37),
this section examines the influence of the multiplicative noise on stability.

For the Moore-Greitzer model, based on the prior belief W periodically excites the u
and hence contribute to ũ, we constructW as

W(t) =
∑
k∈Z+

√
qk(βk(t)+ iβ−k(t))ek +

∑
k∈Z−

√
qk(β−k(t)− iβk(t))ek, (38)

where qk = |k|−(4α+1), βk are i.i.d. Brownian motions.
Now, we consider a periodic cylindrical Wiener process is such that

W =
∑
k∈Z+

(βk + iβ−k)ek +
∑
k∈Z−

(β−k − iβk)ek,

where {βk} are i.i.d. Brownian motions. Let G(u) be such that

G(u)h =
∑
k∈Z0

〈e∗k , uQ1/2h〉ek,

where Q is a trace-class operator with eigenvalues qk = |k|−(4α+1) for α > 0. It can be
verified that G(u) is a Hilbert-Schmidt operator satisfying Assumption 2.11. Upon closer
observation, it is evident that ũ(t)dWt = G(ũ(t))dWt .

To investigate the local exponential almost-sure stability of the trivial solution u = 0
under small multiplicative noise, we drop the additive noise term in (37) and linearize
the system around the equilibrium point for γ = γc + ε2q with some q ∈ R and concern
the perturbation, then we obtain the following abstract form of linear parabolic stochastic
PDE,

dũ(t) = [A(γc)+ ε2qA′(γc)]ũ(t)dt + ε 3ι
 
�e(γ )G(ũ(t)) · dWt . (39)

The linearized operator is such that

A(γc) = [A + Dfue(γc)]|H =
(
ν

2
∂2

∂θ2
− 1

2
∂

∂θ
+ aψ ′

c

)
K−1,

and

A′(γc) = (aψ ′′
c �c

)
K−1,
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where

ψ ′
c := ψ ′

c(�e(γc)) = 3ι
2 

[
1 −

(
�e(γc)

 
− 1
)2
]
,

ψ ′′
c := ψ ′′

c (�e(γc)) = − 3ι
 2

(
�e(γc)

 
− 1
)

and �c = �′
e(γc).

Note that

aq
c = aq

1 + am
ψ ′′
c �c, bc

c = 1
2a

, bq
c = 0,

and the eigenvalues ofAs(γc)+ ε2qAs(γc) are given below:

ρk = a|k|
|k| + am

(
ψ ′
c − νk2

2a
+ ε2qψ ′′

c �c

)
+ i

|k|
2a

,

and for k ∈ Zs, ψ ′
c − νk2

2a + ε2qψ ′′
c �c < 0. It can also be verified that a1(γ ) > a2(γ ) ≥

· · · ≥ ak(γ ) ≥ . . . . We recast the critical mode of the abstract linear equation as in (4a),
then

GR
c (ũ)· =

∑
k∈Z+

√
qk+1

ũ−k〈e−k−1, ·〉ek+1 + ũk〈ek+1, ·〉e−k−1

2

and

GI
c(ũ)· =

∑
k∈Z+

√
qk+1

ũ−k〈e−k−1, ·〉ek+1 − ũk〈ek+1, ·〉e−k−1

2
,

where ũk = 〈e−k, ũ〉. Consequently, letting ηk = 〈e−k, η〉, we have that

�(φ, η) = − sin(2φ)
2

q2 − sin(2φ)
2

·
∑

k∈Z+\{1}
qk+1

(
η2−k + η2k

2

)
, (40)

and

�(φ, η) = −cos(2φ)
2

q2 − cos(2φ)
2

·
∑

k∈Z+\{1}
qk+1

(
η2−k + η2k

2

)
. (41)

Hence,

�(φ, 0) = − sin(2φ)
2

q2, �(φ, 0) = −cos(2φ)
2

q2, Q(φ, 0) = aq
c +�(φ, 0).

In addition,
∑

j∈Zs
{[GsG∗

s ]kj}η=0 = qk
2 for all k ∈ Zs \ {±2}, and∑j∈Zs

{[GsG∗
s ]kj}η=0 = 0

for k = ±2. We can also verify that

κ(φ) = 1
bc
c

(
cos(2φ)

2
q2 − sin(2φ)q2

)
+ 1,
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and

Q′′
⎛
⎝φ, 0;∑

k∈Zs

(χR
k (φ)+ iχ I

k(φ))ek,
∑
k∈Zs

1
2|k|+2(1 − ρk)ek

⎞
⎠

= − sin(2φ)
2

∑
k∈Z+\{1}

qk+1 · χ
R
k (φ)+ iχ I

k(φ)

2|k|+2(1 − ρ−k)
<∞.

Therefore,

λq,ε = aq
c + 9ι2ε2

2π 2

∫ 2π

0
Q(φ, 0)κ(φ) dφ

+ 9ι2ε2

2π 2

∫ 2π

0
Q′′
⎛
⎝φ, 0;∑

k∈Zs

(χR
k (φ)+ iχ I

k(φ))ek,
∑
k∈Zs

1
2|k|+2(1 − ρk)ek

⎞
⎠ dφ

+ O(ε3)

= aq
c + 9ι2ε2

2π 2

∫ 2π

0

[
aq
c q2
bc
c

(
cos(2φ)

2
− sin(2φ)

)

− q22
bc
c

sin(2φ)
2

(
cos(2φ)

2
− sin(2φ)

)]
dφ

+ 9ι2ε2

2π 2

∫ 2π

0

(
aq
c − sin(2φ)q2

2

)
dφ

− 9ι2ε2

4π 2

⎛
⎝ ∑

k∈Z+\{1}
qk+1

χR
k (φ)+ iχ I

k(φ)

2|k|+2(1 − ρ−k)

⎞
⎠∫ 2π

0
sin(2φ) dφ + O(ε3)

= aq
c + 9ι2ε2

2π 2

∫ 2π

0

[
aq
c + q22

2bc
c

(
1 − cos(4φ)

2

)]
dφ + O(ε3)

= aq
c + 9ι2ε2

 2

(
aq
c + q22

4bc
c

)
+ O(ε3) (42)

Note that we have used the notation λq,ε in (42) instead of the shorthand notation λε

(recall Remark 3.2) to show the explicit dependence on q and ε. As q converges to the
deterministicHopf bifurcation point, the variable aq

c → 0. Since bc
c > 0 based on the choice

of parameters, in this particular case, the multiplicative noise does not stabilize the system
given small values of ε.

Remark 5.1: The integral
∫ 2π
0 �(φ, 0) dφ2π cannot generally be expected to be 0. However,

in our special case, we have set such that the basis of V � W is exactly the same asH. One
can also verify that H is a Hilbert-Schmidt embedding of V . The term � is averaged out
to be 0 by the invariant measure.
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6. Conclusion

In this paper, we provide for the first time a derivation of an asymptotic expansion for the
top Lyapunov exponent for SPDEs with multiplicative noise when the parameter moves
slowly through the deterministic Hopf bifurcation point. Instead of obtaining a dimension
reduction using homogenization, the formula of top Lyapunov exponent was provided
explicitly. We prove the existence of invariant measure on the product space of the unit
sphere and the stablemode, and show the conditions for ergodicity. The disintegrated form
of invariant measure as in Remark 3.9 explains the long term dependence of the stable
marginals on the unit sphere of the critical mode. However, since it is difficult to solve, we
derive an asymptotic expansion of the invariantmeasure of the disintegrate form and apply
it in the Furstenberg–Khasminskii formula for the top Lyapunov exponent. The derived
formula is illustrated in an example of a simplified stochastic Moore-Greitzer PDE model
with multiplicative noise.

Our future direction involves conducting nonlinear analysis based on the almost-sure
stability of trivial solutions in this paper, and studying how changes in stability can lead to
quantitative changes in the invariant measures of nonlinear systems and their impact on
probabilistic stability.

Notes

1. We abuse the notation to avoid redundancy.
2. We abuse the notation G and recast the arguments as φ and η.
3. Note that φe(γ ) at any γ is a steady point.
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Appendix. Proofs in section 4

Proof of Proposition 4.2: Note that L0 behaves like deterministic: η(t)→ 0 due to the stable
semigroup generated byAs. Rigorously,

〈L0f ,μ0〉 =
∫∫

[0,2π]×Hs

bc
c
∂f
∂φ

dφ
2π
δ0(dη)+

∫∫
[0,2π]×Hs

Asη
∂f
∂η
(φ, η)

dφ
2π
δ0(dη)

=
∫ 2π

0
bc
c
df (φ, 0)

2π
− 0 = 0.

�

http://arXiv:09074178


DYNAMICAL SYSTEMS 23

Proof of Lemma 4.3:

−〈L1f ,μ0〉 = −
〈
[bq

c + �(φ, η)] ∂
∂φ

f ,
dφ
2π
δ0(dη)

〉
− 1

2

〈
∂2f
∂φ2

tr[Gφc (G
φ
c )

∗], dφ
2π
δ0(dη)

〉

− 1
2

〈
tr
[
∂2f
∂η2

GsG∗
s

]
,
dφ
2π
δ0(dη)

〉

=
∫ 2π

0

∂�

∂φ
(φ, 0)f (φ, 0)

dφ
2π

−
∫ 2π

0

{
f (φ, η) tr[(DφG

φ
c )(DφG

φ
c )

∗]
}
η=0

dφ
2π

− 1
2

∫ 2π

0

⎧⎨
⎩
∑
k,j∈Zs

[GsG∗
s ]kj
〈
∂2f
∂η2

ek, ej
〉⎫⎬
⎭
η=0

dφ
2π

=
∫ 2π

0

∂�

∂φ
(φ, 0)f (φ, 0)

dφ
2π

−
∫ 2π

0

{
f (φ, η) tr[(DφG

φ
c )(DφG

φ
c )

∗]
}
η=0

dφ
2π

− 1
2

∫ 2π

0

⎧⎨
⎩
∑
k,j∈Zs

[GsG∗
s ]kjf

′′
η (φ, η; ek, ej)

⎫⎬
⎭
η=0

dφ
2π

.

�

Proof of Proposition 4.5: For test function f ∈ C1,2([0, 2π] × Hs), we have〈
L0f ,

dφ
2π
κ(φ)δ0(dη)

〉
=
〈[
bc
c
∂

∂φ
+ Asη

∂

∂η

]
(f ),

dφ
2π
κ(φ)δ0(dη)

〉

= −
∫ 2π

0

{
bc
c
∂κ

∂φ
(φ)f (φ, η)

}
η=0

dφ
2π

=
∫ 2π

0

∂�

∂φ
(φ, 0)f (φ, 0)

dφ
2π

−
∫ 2π

0
f (φ, 0) tr[(DφG

φ
c )(DφG

φ
c )

∗](φ, 0)dφ
2π

. (A1)

For each k ∈ Zs,〈
L0f ,

dφ
2π
∂2δ0

∂η2
(χk(φ), h)(dη)

〉
=
〈
bc
c
∂f
∂φ

+ Asη
∂f
∂η

,
dφ
2π
∂2δ0

∂η2
(χk(φ), h)(dη)

〉

= −
〈
∂δ0

∂η
(h)(dη), −f ′η

(
φ, η; bc

c
∂χk

∂φ
(φ)

)
dφ
2π

〉

−
〈
∂δ0

∂η
(h)(dη), [f ′′η (φ, η;Asη,χk(φ))+ f ′η(φ, η;Asχk(φ))]

dφ
2π

〉

=
〈
δ0(dη), −f ′′η

(
φ, η; bc

c
∂χk

∂φ
(φ), h)

)
dφ
2π

〉
+
〈
δ0(dη), f ′′′η (φ, η;Asη,χk(φ), h)

dφ
2π

〉

+
〈
δ0(dη), [f ′′η (φ, η;Ash,χk(φ))+ f ′′η (φ, η;Asχk(φ), h)]

dφ
2π

〉

= −
∫ 2π

0

{
f ′′η
(
φ, η; (bc

c
∂

∂φ
− As)χk(φ), h

)
− f ′′η (φ, η;χk(φ),Ash)

}
η=0

dφ
2π

. (A2)
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By the hypothesis on χk(φ) and h, the last line of the above can be expanded as

−
∑
j∈Zs

(1 − ρj)hj
∫ 2π

0

{
f ′′η
(
φ, η; (bc

c
∂

∂φ
− As)χk(φ), ej)

)
+ f ′′η (φ, η;χk(φ), ej)

}
η=0

dφ
2π

= −1
2

∫ 2π

0

∑
j∈Zs

{
[GsG∗

s ]kj
}
η=0 f

′′
η (φ, 0; ek, ej)

dφ
2π

Combining this and (A2), we have〈
L0f ,

dφ
2π
∂2δ0

∂η2
(χ(φ), h)(dη)

〉
= −1

2

∫ 2π

0

∑
k,j∈Zs

{
[GsG∗

s ]kj
}
η=0 f

′′
η (φ, 0; ek, ej)

dφ
2π

.

Thus, by Lemma 4.3, we have 〈
L0f , μ1

〉 = − 〈L1f , μ0
〉
,

which completes the proof. �
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