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1. Introduction

Stability analysis of nonlinear dynamical systems has been
a focal point of research in control and dynamical systems. In
many applications, characterizing the domain of attraction for an
asymptotically stable equilibrium point is crucial. For example,
in power systems, understanding the domain of attraction is
essential for assessing whether the system can recover to a stable
equilibrium after experiencing a fault.

Since Lyapunov’s landmark paper over a century ago (Lyapunov,
1992), Lyapunov functions have become an instrumental tool
for nonlinear stability analysis and control design. Consequently,
extensive research has focused on Lyapunov functions. One key
challenge is their construction, which has been addressed through
both analytical (Haddad & Chellaboina, 2008; Sepulchre, Jankovic,
& Kokotovic, 2012) and computational methods (Giesl, 2007;
Giesl & Hafstein, 2015).

* This work was partially supported by the Natural Sciences and Engineering
Research Council (NSERC) of Canada and the Canada Research Chairs (CRC)
program. The material in this paper was partially presented at The 62nd IEEE
Conference on Decision and Control (CDC), December 13-15, 2023, Marina Bay
Sands, Singapore. This paper was recommended for publication in revised form
by Associate Editor Mohamed Ali Belabbas under the direction of Editor Luca
Zaccarian.

* Corresponding author.

E-mail addresses: j.liu@uwaterloo.ca (J. Liu), yiming.meng@uwaterloo.ca
(Y. Meng), mfitzsimmons@uwaterloo.ca (M. Fitzsimmons),
ruikun.zhou@uwaterloo.ca (R. Zhou).

https://doi.org/10.1016/j.automatica.2025.112193
0005-1098/© 2025 Published by Elsevier Ltd.

Among computational methods for Lyapunov functions, sum-
of-squares (SOS) techniques have garnered widespread atten-
tion (Jones & Peet, 2021; Packard, Topcu, Seiler, & Balas, 2010;
Papachristodoulou & Prajna, 2002, 2005; Tan & Packard, 2008;
Topcu, Packard, & Seiler, 2008). These methods facilitate sta-
bility analysis and provide estimates of the domain of attrac-
tion (Packard et al., 2010; Tan & Packard, 2008; Topcu et al.,
2008). Leveraging semidefinite programming (SDP), one can ex-
tend the region of attraction by using a specific “shape function”
within the estimated region. However, selecting shape functions
in a principled manner, beyond standard norm (Packard et al.,
2010) or quadratic functions (Khodadadi, Samadi, & Khaloozadeh,
2014), remains elusive.

On the other hand, Zubov’'s theorem (Zubov, 1964) charac-
terizes the domain of attraction through a partial differential
equation (PDE), unlike the commonly seen Lyapunov conditions
that manifest as partial differential inequalities. Using an equa-
tion allows for precise characterization of the domain of attrac-
tion. The concept of a maximal Lyapunov function (Vannelli &
Vidyasagar, 1985) is closely related to Zubov’s method. Vannelli
and Vidyasagar (1985) also provide a computational procedure
for constructing maximal Lyapunov functions using rational func-
tions.

Thanks to the recent surge of interest in neural networks and
machine learning, many authors have recently investigated the
use of neural networks for computing Lyapunov functions (see,
e.g., Abate, Ahmed, Giacobbe, and Peruffo (2020), Chang, Roohi,
and Gao (2019), Gaby, Zhang, and Ye (2022), Griine (2021b),
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Kang, Sun, and Xu (2023), Zhou, Quartz, Sterck, and Liu (2022),
and Dawson, Gao, and Fan (2023) for a recent survey). In fact,
such efforts date back to as early as the 1990s (Long & Bayoumi,
1993; Prokhorov, 1994). Unlike SDP-based synthesis of SOS Lya-
punov functions, neural network Lyapunov functions obtained by
training are not guaranteed to be Lyapunov functions. Subsequent
verification is required, e.g., using satisfiability modulo theo-
ries (SMT) solvers (Ahmed, Peruffo, & Abate, 2020; Chang et al.,
2019). The use of SMT solvers for searching and refining Lya-
punov functions has been explored previously (Kapinski, Desh-
mukh, Sankaranarayanan, & Arechiga, 2014). Counterexample-
guided search of Lyapunov functions using SMT solvers is inves-
tigated in Ahmed et al. (2020) and the associated tool (Abate,
Ahmed, Edwards, Giacobbe, & Peruffo, 2021), which supports
both Z3 (Moura & Bjerner, 2008) and dReal (Gao, Kong, & Clarke,
2013) as verifiers. Neural Lyapunov functions with SMT verifica-
tion are explored in Zhou et al. (2022) for systems with unknown
dynamics. SMT verification is often time-consuming, especially
when seeking a maximal Lyapunov function (Liu, Meng, Fitzsim-
mons, & Zhou, 2023b) or dealing with high-dimensional systems.
Recent work has also focused on learning neural Lyapunov func-
tions and verifying them through optimization-based techniques,
e.g., Chen, Fazlyab, Morari, Pappas, and Preciado (2021a, 2021b),
Dai, Landry, Yang, Pavone, and Tedrake (2021) and Dai, Landry,
Pavone, and Tedrake (2020). Such techniques usually employ
(leaky) ReLU networks and use mixed integer linear/quadratic
programming (MILP/MIQP) for verification.

While recent work has demonstrated the promise of using
neural networks for computing Lyapunov functions, to the best
knowledge of the authors, none of the work has provided a
systematic investigation of using physics-informed neural net-
works (Lagaris, Likas, & Fotiadis, 1998; Raissi, Perdikaris, & Karni-
adakis, 2019) for solving the Zubov equation and using these net-
works to provide verified regions of attractions close to the true
domain of attraction. We highlight several papers particularly
related to our work. In Kang et al. (2023), a data-driven approach
is proposed to approximate solutions to Zubov's equation. It is
demonstrated that neural networks can effectively approximate
the solutions. However, formal verification is not conducted, and
Zubov's PDE is not encoded in the training of Lyapunov functions.
As demonstrated by our preliminary work (Liu et al., 2023b),
encoding Zubov’s equation allows us to improve the verifiable
regions of attraction. Furthermore, as we shall also demonstrate
in numerical examples of the current paper, formal verification
is indispensable, as in many examples, we are not able to verify
levels nearly as close to 1, which is predicted by the theoretical
result of Zubov. This is inevitable due to the approximation errors
and the compromise one has to ultimately make between using
low structural complexity that enables efficient verification and
high expressiveness that requires wider/deeper neural networks.
In contrast, the work in Griine (2021a) uses an approach closer to
physics-informed neural networks (PINNs) (Lagaris et al., 1998;
Raissi et al., 2019) for approximating a solution to Zubov's equa-
tion. However, the approach in Griine (2021a) is local in nature,
and the Lyapunov conditions used to train the Lyapunov functions
are essentially conditions for local exponential stability. Further-
more, the author stated that using Lyapunov inequalities can lead
to better training results. However, in our setting, capturing the
domain of attraction unavoidably requires solving PDE instead
of partial differential inequalities. The work in Jones and Peet
(2021), even though focusing on SOS approaches for approxi-
mating Lyapunov functions, is closely related to our work. The
partial differential inequality constraint that the authors used to
optimize the polynomial Lyapunov functions takes the form of
Zubov’s PDEs, although not explicitly mentioned as such in the
paper. The earlier work in Camilli, Griine, and Wirth (2001) has
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been very informative in analyzing solution properties of Zubov’s
equation, especially with perturbations. While their analysis of
existence and uniqueness of viscosity solutions heavily relies on
prior work in Soravia (1999), our analysis is more direct and
relies on standard references on viscosity solutions for first-order
PDEs (Bardi, Dolcetta, et al., 1997; Crandall & Lions, 1983). We
particularly highlight our novel analysis of more general nonlin-
ear transformations between the Lyapunov and Zubov equations.
To the best of the authors’ knowledge, this work is the first to
demonstrate that neural network Lyapunov functions can provide
verifiable region-of-attraction estimates that are provably close to
the true domain of attraction through both theoretical analysis
and thorough numerical experiments.

A preliminary version of this paper was published as a confer-
ence paper in Liu et al. (2023b). The current paper significantly
expands the theoretical analysis and numerical experiments com-
pared to the preliminary work in Liu et al. (2023b). More specifi-
cally, we theoretically characterize Lyapunov functions as solu-
tions to PDEs and conduct a more systematic investigation of
solutions to Lyapunov and Zubov equations. In this process, the
consideration of viscosity solutions becomes essential, as smooth
solutions may not exist, as demonstrated by simple examples (see
Examples 1-3 in Section 3). Employing the concept of viscosity
solutions, we establish the uniqueness of solutions to Lyapunov
and Zubov equations and investigate approximation errors and
convergence of approximate solutions to the unique solution
of Zubov’s equation. None of these analyses of Lyapunov and
Zubov’'s PDEs were present in the conference version (Liu et al.,
2023b). Moreover, we have significantly expanded the set of ex-
amples solved, demonstrating that the neural Zubov approach can
indeed surpass standard sum-of-squares (SOS) Lyapunov func-
tions in approximating the domain of attraction. Notably, we have
extended the range of examples from simple low-dimensional
polynomial systems in Liu et al. (2023b) to include both non-
polynomial systems and higher-dimensional systems not present
in Liu et al. (2023b).

Notation: R" denotes the n-dimensional Euclidean space; |-| is
the Euclidean norm; R is the set of real numbers; C(£2) and C!(£2)
indicate the set of real-valued continuous and continuously dif-
ferentiable functions, respectively, with domain £2; C(§2,1) de-
notes the set of continuous functions with domain £2 and range I;
Dg denotes the gradient or Jacobian of a function g; the derivative
of a univariate scalar function V is sometimes denoted by V’; the
derivative with respect to time of a time-dependent function x
is denoted by x; the derivative of a multivariate scalar function
V' along solutions of an ordinary differential equation is also
denoted by V.

2. Problem formulation

Consider a continuous-time system
x = f(x), (1)

where f : R" — R" is a locally Lipschitz function. The unique
solution to (1) from the initial condition x(0) = X, is denoted by
¢(t, xo) for t € J, where J is the maximal interval of existence for
®.

We assume that x = 0 is a locally asymptotically equilibrium
point of (1). The domain of attraction of the origin for (1) is defined
as

D= {x € R": lim |§(t, x)| = o} . )
t—o00
We know that D is an open and connected set (Bhatia & Szego,

1967). We call any forward invariant subset of D a region of
attraction (ROA).
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Lyapunov functions can not only certify the asymptotic sta-
bility of an equilibrium point, but can also provide regions of
attraction. This is achieved using sub-level sets defined as V. =
{xeX: V(x)<c}, where c > 0 is a positive constant, and X
represents a domain of interest, typically the set within which
a Lyapunov function is defined. We are interested in computing
regions of attraction, as they not only provide a set of initial
conditions with guaranteed convergence to the equilibrium point,
but also ensure state constraints and safety through forward
invariance.

The goal of this paper is to provide a systematic investiga-
tion of computing Lyapunov functions using physics-informed
neural networks. We review the PDE characterization of the do-
main of attraction through the work of Lyapunov (Lyapunov,
1992) and Zubov (Zubov, 1964), as well as using the notion of
viscosity solutions (Bardi et al., 1997; Crandall & Lions, 1983)
for Hamilton-Jacobi equations to formalize the existence and
uniqueness of solutions. We then describe algorithms for learn-
ing neural Lyapunov functions through physics-informed neu-
ral networks for solving Lyapunov and Zubov PDEs. Through a
list of examples, we demonstrate that physics-informed neu-
ral network Lyapunov functions can outperform sum-of-squares
(SOS) Lyapunov functions in terms of tighter region-of-attraction
estimates.

3. PDE characterization of Lyapunov functions
3.1. Lyapunov equation

Definition 1. Let 2 C R" be a set containing the origin. A
function V : £ — R is said to be positive definite on £2 (with
respect to the origin) if V(0) = 0 and V(x) > O for all x € £2 \ {0}.
We say V is negative definite on £2 if —V is positive definite on
$2.

In a nutshell, a Lyapunov function for (1) is a positive definite
function whose derivative along trajectories of (1) is negative
definite.

We refer to the following PDE as a Lyapunov equation:

DV.-f=—-w, xe£2, (3)

where §2 is an open set containing the origin, f is the right-hand
side of (1), and w is a positive definite function. If we can find a
positive definite solution V of (3), then V is a Lyapunov function
for (1).

The Lyapunov Eq. (3) is a linear PDE. Its solvability is in-
timately tied with the solution properties of the ODE (1). In
fact, (1) is known as the characteristic ODE for (3). Textbook
results on the method of characteristics for first-order PDEs state
that a local solution to (3) exists, provided that compatible and
non-characteristic' boundary conditions are given (Evans, 2010,
Chapter 3).

The scenario here is somewhat different. While we assume
that the origin is an asymptotically stable equilibrium point of
(1), we do not wish to impose non-characteristic boundary condi-
tions. Rather, we prefer to impose the trivial boundary condition
V(0) = 0. Furthermore, we are interested not only in local
solutions but also in the solvability of (3) on a given domain
containing the origin. To this end, we formulate the following
technical result.

We consider two technical conditions that are sufficient for
solvability of (3).

1 Intuitively, this means the boundary is not tangent to trajectories of (1).

Automatica 175 (2025) 112193

Assumption 1. The origin is an asymptotically stable equilibrium
point for (1) and f is locally Lipschitz. The function @ : R* — R
is continuous and positive definite. Define

V(x) = /OO w(p(t,x))dt, xeR", (4)
0

where, if the integral diverges, we let V(x) = oo. The following
items hold true:

(i) For any § > 0, there exists ¢ > 0 such that w(x) > c for all
|x| > 6.
(ii) There exists some p > 0 such that the integral V(x) defined
by (4) converges for all x such that |x| < p.
(iii) For any & > 0, there exists § > 0 such that |x| < § implies
V(x) < e.

Intuitively, since w is assumed to be positive definite and
continuous, condition (i) is equivalent to that w is non-vanishing
at infinity, i.e., liminfy_ . w(x) > 0. Note that V(0) = 0 and
V is nonnegative because w is positive definite. Condition (iii)
essentially states that V is continuous at 0, while (ii) requires V
to be finite in a neighborhood of the origin. Clearly, (iii) implies

(ii).

Remark 1. If w is Lipschitz around the origin and the origin is
an exponentially stable equilibrium point for (1), then conditions
(ii) and (iii) of Assumption 1 hold. One common choice is w(x) =
xTQx for some positive definite matrix Q. When f(x) = Ax and
w(x) = xTQx, a solution of (3) is given by V(x) = xTPx, where P
satisfies the celebrated Lyapunov equation PA + AP = —Q.

We first examine properties of V defined by (4).

Proposition 1. Let Assumption 1 hold. The function V : R" —
R U {oo} defined by (4) satisfies the following:

(1) V(x) < oo if and only if x € D;

(2) V(x) —> oo as x — y for some y € 0D;

(3) V is positive definite on D;

(4) V is continuous on D and its right-hand derivative along the
solution of (1) satisfies

VLDV __ )

forall x € D.

A proof of Proposition 1 can be found in Appendix A. While
the Lyapunov condition (5) is sufficient for stability analysis, it
does not provide a PDE characterization of Lyapunov functions,
nor does it reveal regularity properties of Lyapunov functions as
solutions to (3).

Next, we further examine in what sense V, defined by (4),
satisfies the Lyapunov Eq. (3). For simplicity of analysis and to
ensure greater regularity in the solutions to (3), we also consider
the following assumption.

Assumption 2. The origin is exponentially stable for (1) and f is
continuously differentiable.

Proposition 2. Let 2 C D be any open set containing the origin.
Let Assumption 1 hold. The following statements are true:

(1) V defined by (4) is the unique continuous solution to (3) on
£2 in the viscosity sense satisfying V(0) = 0.

(2) If wis locally Lipschitz and Assumption 2 holds, then V defined
by (4) is locally Lipschitz and satisfies (3) almost everywhere
on 2.
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(3) If o € CY(R") and Assumption 2 holds, then V defined by (4)
is the unique continuously differentiable solution to (3) on §2
with V(0) = 0.

A proof of Proposition 2 can be found in Appendix B. Clearly,
Proposition 2 holds with £2 = D. We have formulated the result
as is because it is relevant when solving (3) on a given set 2 C D
without knowing D. We provide a few examples to illustrate
Proposition 2.

Example 1. Consider a scalar system x = 2—x3. Define w(x) = x°.
Then V defined by (4) is V(x) = fooo m’;—ﬂdt, which does not
converge for any x # 0. This is because Assumption 1 does not
hold.

Example 2. Consider again the scalar system x = —x:. Define
w(x) = |x|2. Then V defined by (4) is V(x) = [;° —22 _dr =
(2x2+1)4

2./]x], which is not locally Lipschitz at x = 0. Note that, while
Assumption 1 holds and w is locally Lipschitz, Assumption 2 does
not hold. Hence, Proposition 2(2) is not applicable. When x # 0,
V is differentiable and (3) holds in classical sense. At x = 0, we
have D"V(0) = R (see Appendix B for definition). For any p € R
and x = 0, we have —w(0) — p - f(0) = 0, which verifies (3) is
satisfied at x = 0 in viscosity sense.

Example 3. Consider the scalar system x = —x. Let w(x) = |x|.
Then V defined by (4) is V(x) = [;~ |e~'x| dt = |x|. Hence, both
V and w are only locally Lipschitz (and not differentiable) at 0.

Furthermore, if w,(x) = |x|2, then Vy(x) = I e~ x| 7 de =

% |x|%. Similarly, both V, and w, are continuously differentiable
(and not twice continuously differentiable) at 0. This is consistent
with items (2) and (3) of Proposition 2.

Remark 2. Item (1) of Proposition 2 can be seen as a special
case of the results stated in Bardi et al. (1997) and Camilli et al.
(2001). Here, we provide a more direct proof. Local Lipschitz
continuity of V (in a more general setting with perturbation)
has been established in Camilli et al. (2001), but under more
restrictive conditions. Item (3) is perhaps not surprising, yet we
are not aware of a similar result being stated in the literature.

3.2. Zubov equation

While Proposition 2 characterizes the Lyapunov function V
within the domain of attraction using Lyapunov’s PDE (B.1), due
to Proposition 1(2), any finite sublevel set of V does not yield the
domain of attraction. Zubov's theorem is a well-known result that
states the sublevel-1 set of a certain Lyapunov function is equal
to the domain of attraction. We state Zubov's theorem below.

Theorem 1 (Zubov’s Theorem (Zubov, 1964)). Let 2 C R" be an
open set containing the origin. Then 2 = D if and only if there
exists two continuous functions W : 2 — Rand ¥ : 2 — R such
that the following conditions hold:

(1) 0 < W(x) < 1 forall x € 2\ {0} and W(0) = 0;

(2) W is positive definite on §2 with respect to the origin;

(3) for any sufficiently small c3 > 0, there exist two positive real
numbers ¢ and c, such that |x| > c3 implies W(x) > c¢; and
Y(x) > co;

(4) W(x) > lasx — yforanyy € 082;
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(5) W and ¥ satisfy
W(x) = —w(x)(1 — W), (6)

where W is the right-hand derivative of W along solutions of
(1) as defined in (5).

We first highlight a connection between V defined by (4), with
properties listed in Proposition 1, and the function W in Zubov’s
theorem. Let 8 : R — R satisfy

B=(1-pB(p), B0O)=0, (7)

where ¢ is a locally Lipschitz function satisfying ¥(s) > 0
for s > 0. Clearly, any function satisfying (7) is continuously
differentiable, strictly increasing on [0, c0), and satisfies 8(0) = 0
and B(s) > 1ass — oo.

With V defined by (4), let

Vv if V(x) <
W = {f( (), V() < oo, ®
, otherwise,

where B : [0, co) — R satisfies (7).

We can verify the following properties for W, a proof of which
can be found in Liu et al. (2023b).

Proposition 3. The function W : R" — R defined by (8) is
continuous and satisfies the conditions in Theorem 1 on D with
Y (x) = Y (BV(x)w(x).

Motivated by this, we consider a slightly generalized Zubov
equation as follows

DW - f = —oy(W)(1 - W), (9)

for x € 2, where 2 C R" is an open set on which we are
interested in solving (9).

Next, we characterize solutions of Zubov’s Eq. (9) for the case
where 2 is bounded and a boundary condition on 942 is specified
as follows

W =g, (10)

where g is taken to be consistent with (8), i.e., g(x) = 1 for
x € 082 \ D and g(x) = B(V(x)) for x € 32 N D. We put forward
a technical assumption on .

Assumption 3. There exists a nonempty interval I such that the
function G : I — R defined by s — (1 — s)¥(s) is monotonically
decreasing on I.

Assumption 3 on ¢ stipulates a nonempty interval I, which
depends on v and serves as the range of the solution W to (9),
as required by the following result.

Theorem 2. Let Assumptions 1 and 3 hold. Let 2 C R" be a
bounded open set containing the origin. Suppose that w is locally
Lipschitz. The following statements are true:

(1) W defined by (8) is the unique viscosity solution to (9) in
C(£2, 1) satisfying W(0) = 0 and the boundary condition (10)
on d52.

(2) If Assumption 2 holds, then W defined by (8) is locally Lip-
schitz on R" \ 9D and satisfies (9) almost everywhere on
R"\ 9D.

(3) If o € C'(R™) and Assumption 2 holds, then W defined by (8)
is in C'(R™ \ D).

A proof of Theorem 2 can be found in Appendix C. An inter-
esting byproduct of the analysis in the proof of Theorem 2 is
the following error estimate for a neural (or other) approximate
solution to the PDE (9). To derive the result, we refer to the
following technical condition on an approximate solution v
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£ — I. Let G and I be from Assumption 3. For some ¢ > 0 and
8 > 0, we have

Glv(x)) + [—

e
Miny g\ g, w(x)’ Min o\ 5, ©(X)
for all x € £2 \ Bs. We shall see that, for any fixed § > O,

condition (11) holds for ¢ > 0 sufficiently small, provided that
a mild condition holds for v (see Remark 3).

I c G (11)

Proposition 4. Suppose that the assumptions of Theorem 2 hold.
Fix any 6 > O such that Bs C §2 N D. Let W be the unique
viscosity solution to (9) with boundary condition (10). The following
statements hold:

(1) (error estimate) For any ¢ > 0, let v be an e-approximate
viscosity solution (see its definition in Appendix D) to (9) on
£2\ Bs with boundary error |W(x) — v(x)| < &, on 32U 3B;.
Assume that v and ¢ satisfy condition (11). Then there exists
a constant C(e, &), satisfying C(e, &) — 0 as & — 0 and
ep — 0, such that |W(x) — v(x)| < C(e, ep) for all x € 2\ Bs.

(2) (convergence) Furthermore, suppose that {v,} is a sequence
of en-approximate vzscoszty solutions to (9) on £2 with a
uniform Lipschitz constant® on §2, where ¢, | 0, and with
boundary condition v,(0) — 0 and v,(x) — W(x) uniformly
on 952 as n — oo. Assume that, for each § > 0, there exists
some N > 0 such that (11) holds for all (v,, &) with n > N.
Then {v,} converges to W uniformly on 2.

Remark 3. Two special cases of y/(s) are given by (i) ¥/(s) = « or
(ii) ¥(s) = a(1 + s) for some constant o > 0, which correspond
to B(s) = 1 — exp(—as) and B(s) = tanh(as), respectively. Such
transforms are used in, e.g., Camilli et al. (2001), Kang et al. (2023)
and Meng, Zhou, and Liu (2023). For case (i), Assumption 3 holds
with I = R. It is clear that in this case G(I) = R and (11) trivially
holds. For case (ii), we can take I = [0, co). Then G(I) = (—o0, «].
Condition (11) for v and ¢ in Proposition 4 holds if there exists
some ¢ > 0 such that v(x) > ¢, whenever |x| > §,and ¢ > 0
sufficiently small such that G(c) + £ < a. It further

follows that (11) holds for (vy, &,;) in Proposmon 4, if for each
8 > 0, there exists ¢ > 0 and N > 0 such that v,(x) > c for all
|x| > & and all n > N.

Example 4. Consider the scalar system x = —x + x>. It has
three equilibrium points at {0, +=1}. The origin is exponentially
stable with domam of attraction D = (—1, 1). Consider V(x) =
f |¢ (¢, x| dt. By Proposition 1, we have V( ) = V/(x)(—x +
2 —x2. For x € (0, 1), assuming differentiability of V, we
have V'(x) = —%5. Integrating this with the condition V(0) = 0
gives V(x) = ln(l — x%). Taking W(x) = 1 — exp(—aV(x))
(corresponding to ¥(x) = ¢ > 0 as indicated in Remark 3), we
obtain W(x) = 1—(1 —xz)%. One can easily verify that W satisfies
conditions in Zubov’s theorem. It can also be easily verified that
W can fail to be differentiable at x € {£1} = 9D, or even locally
Lipschitz for o < 2.

To conclude this section, we highlight the crucial connections
of the theoretical analysis presented here with the training and
verification of Lyapunov functions to be discussed in Sections 4
and 5. The main result (Theorem 2) shows that solving Zubov's
PDE (9) with boundary condition (10) can lead to a Lyapunov
function W, whose sublevel-1 set gives the true domain of attrac-
tion D = {x € R" : W(x) < 1}. This analysis fundamentally relies
on the analysis of solutions to Lyapunov’s PDE (3) (Proposition 2).

2 The same statement holds if they share a uniform modulus of continuity.
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Building upon these theoretical results, subsequent sections will
focus on computing approximate solutions by solving Zubov's
PDE (9) using neural networks and verifying them with SMT
solvers. To this end, Proposition 4 also plays an instrumental
role in ensuring that solving Zubov’s PDE (9) with small resid-
ual errors (e-approximate solutions) indeed leads to accurate
approximations of the true solution.

4. Physics-informed neural Lyapunov function

A physics-informed neural network (PINN) (Lagaris et al.,
1998; Raissi et al.,, 2019) is essentially a neural network that
solves a PDE. In this section, we present the main algorithm for
solving Lyapunov and Zubov equations. To describe the algorithm,
consider a first-order PDE of the form

F(x, W,DW)=0, xec 2, (12)

subject to the boundary condition W = g on 952.

Consider a general multi-layer feedforward neural network
function Wy(x; 6) defined inductively as follows. Let the output
of the first layer (input layer) be a® = x, where x is the input
vector. For each subsequent layer [ (where 1 < | < L), the output
is defined inductively as a®) = o W(H®g"=1 4 p®), where H® and
b® are the weight matrix and bias vector for layer I, and ¥ is the
activation function for layer I The final output of the network is
y = aP). The parameter vector # consists of all weights H!) and
biases bV,

We train Wy(x; 6) as a PINN Lyapunov function by optimiz-
ing 6 with respect to a specifically designed loss function that
encodes the PDE (12), along with the correct boundary condition
and additional data loss. We describe the algorithm as follows.

(1) Choose a set of interior collocation points {x,}, ;1 C L.
These are points at which the test solution Wy(x; 8) and
its derivative w1ll be evaluated to obtain the mean-square
residual error - Zl 1 F(xi, Wn(xi; B), DWn(xi; B))? for (12)
at these pomts

Choose a set of boundary points {y,-}i.\’:b1 C 9£2 at which the

— gy

2

—

mean-square boundary error Nib Z&](WN(yi; B)
can be evaluated.

(3) In some cases we may also obtain a set of data points
{(zi, W(zl))}l 1, where {z;}; “1 C £ and {W(z)}; “1 are ap-
proximations to the ground truth values of W at {zl}lz"]. For
examples, this may correspond to evaluation of V defined
in (4) or W defined in (8) through numerical integra-
t10n of (1). The mean-square data loss can be defined as

T o (Walzi; B) — W(zi))2.

The loss function for optimizing 6 is given by
Loss(6 ZF(xl, Wi(x;; 0), DWy(x;; 6))

Np
1
+ho D (Walyis 0) — g)Y
i=1
1
+ - > (Wizi; 0) = W(z))?, (13)
i=1
where A, > 0 and A4 > O are weight parameters. Training of 6
can be achieved with standard gradient descent.

Remark 4. In formulating the PDE (12), Lyapunov equation has
a single boundary condition V(0) = 0, whereas the boundary
condition for Zubov equation consists of both W(0) = 0 and
W) = 1fory ¢ D, if D C £2. For examples where D is
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not a subset of §2, the boundary condition may also consist of
W(y) = B(V(y)) fory € D N 082; see comment after (10). In
Section 6, the Van der Pol equation (Example 6) belongs to the
former case, and the two-machine power system (Example 7)
belongs to the latter case.

Remark 5. A key feature of the proposed approach, compared
to state-of-the-art sum-of-squares methods for estimating re-
gions of attraction, is that Loss(6) is a non-convex function of 6.
While solving non-convex optimization problems is more chal-
lenging—since obtaining a global minimum is not guaranteed
and convergence rates may be slower—embracing non-convex
optimization allows us to utilize the representational power of
deeper neural networks. This is especially advantageous when
computing regions closer to the true domain of attraction, as
demonstrated by the numerical examples in Section 6.

5. Formal verification

Neural network functions, as computed by solving the Lya-
punov Eq. (3) and the Zubov Eq. (9) using algorithms outlined
in Section 4, offer no formal stability guarantees. This is because
neural approximations come with numerical errors, and training
deep neural networks usually does not guarantee convergence
to a global minimum. On the other hand, Lyapunov functions
are sought precisely because they provide formal guarantees of
stability, especially in safety-critical applications. For this reason,
formal verification of neural Lyapunov functions is indispensable
if formal stability guarantees and rigorous regions of attraction
are required. We outline such verification procedures in this
section.

5.1. Verification of local stability

In this section, we assume that Assumption 2 holds, i.e., f is
continuously differentiable and x = 0 is an exponentially stable
equilibrium point of (1). Rewrite (1) as
X = Ax + g(x), (14)
lg)ll

llxIl
symmetric positive definite matrix Q € R™*", let P be the unique
solution to the Lyapunov equation

PA+A"P = —Q. (15)
Let Vp(x) = x" Px. Then

Vp(x) = —x" Qx + 2x" Pg(x)

—hmin(Q) IX]1% + 2x" Pg(x)

—e [IxX1* + (2x" Pg(x) — r [Ix]|*),

where g(x) = f(x) — Ax satisfies limy_ = 0. Given any

IA

where we set 1 = Anin(Q) — & > 0 for some sufficiently small
e > 0 and Anpip(Q) is the minimum eigenvalue of Q. If we can
determine a constant ¢ > 0 such that

Vp(x) < ¢ = 2xTPg(x) < r |Ix||?, (16)
then we have verified
Vp(x) < ¢ = Vp(x) < — |IxI|?, (17)
which verifies exponential stability of the origin, and a region of
attraction {x € R" : Vp(x) < c}.

While all this aligns with standard quadratic Lyapunov anal-
ysis, we note a subtle issue in the verification of (16) using SMT

solvers. For example, although Z3 (Moura & Bjgrner, 2008) offers
exact verification, unlike dReal’s numerical verification (Gao et al.,
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2013), it currently lacks support for functions beyond polyno-
mials. For non-polynomial vector fields, we found dReal to be
the state-of-the-art verifier. However, due to the conservative
use of interval analysis in dReal to account for numerical errors,
verification of inequalities such as 2x"Pg(x) < r ||x||*> may return
a counterexample close to the origin. To overcome this issue,
we consider a higher-order approximation of Pg(x). By the mean
value theorem, we have

1
Pg(x) = Pg(x) — Pg(0) = / P . Dg(t)dt -,
0

where Dg is the Jacobian of g given by Dg = Df —A, which implies
2x"Pg(x) < 2 sup |IP - Dg(ex)]| [Ix]1*.
0=<t=<1

As a result, to verify (16), we just need to verify

Vp(x) <c = 2 sup ||P-Dg(tx)|| <. (18)
0<t<1

By convexity of the set {x € R" : Vp(x) < c}, (18) is equivalent to
Vp(x) <c == 2|P-Dgx)|l <. (19)

Since Dg(0) = 0 and Dg is continuous, one can always choose ¢ >
0 sufficiently small such that (19) can be verified. Furthermore, in
rare situations, if 2 |P - Dg(x)|| < r can be verified for all x € R",
then global exponential stability of the origin is proved for (1).

Remark 6. From (19), one can further use easily computable
norms, such as the Frobenius norm, to over-approximate the
matrix 2-norm ||P - Dg(x)||.

Example 5. Consider an inverted pendulum
X1 =Xz,

) : 20
Xy = sin(x1) — x2 — (k11 + kax2), (20

where the linear gains are given by k; = 4.4142,k, = 2.3163.
In the literature, there have been numerous references to this
example as a benchmark for comparing techniques for stabiliza-
tion with provable ROA estimates. Interestingly, with Q = I and
e = 1074, which leads to r = 0.9999, it turns out that one can
verify 2||P - Dg(x)|| < r with dReal (Gao et al., 2013) within 1
millisecond, which confirms global stability of the origin for (20).

Remark 7. While stability analysis using quadratic Lyapunov
functions is certainly standard, we highlight that our approach to
verifying (16) via the mean value theorem and (19) successfully
overcomes the limitations in current approaches that exclude
verification around a small neighborhood of the origin to avoid
the numerical conservativeness of SMT solvers (Chang et al,
2019; Zhou et al., 2022).

5.2. Verification of regions of attraction

We outline how local stability analysis via linearization and
reachability analysis via a Lyapunov function can be combined to
provide a region-of-attraction estimate that is close to the domain
of attraction. Let Vp be a quadratic Lyapunov function as defined
in Section 5.1 and Wy be a neural Lyapunov function learned
using algorithms outlined in Section 4. Suppose that we have
verified a local region of attraction {x € R" : Vp(x) < c} for some
¢ > 0. Let X C R" denote a compact set on which verification
takes place. We can verify the following inequalities using SMT
solvers:

(c1 < Wa(X) < ) A (x € X) = Wy(x) < —e, (21)
(Wy(x) < c1) A (x € X) = Va(x) <, (22)

where ¢ > 0,¢c; > ¢y > 0.
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Proposition 5. If (21) and (22) hold and the set W, =
{x € X : Wy(x) < cy} does not intersect with the boundary of X,
then W, is a region of attraction for (1).

Proof. A solution starting from W, remains in W,, as long as
the solution do not leave X. However, to leave X it has to cross
the boundary of W, first. This is impossible because of (21).
Within W,,, solutions converge to {x € R" : x"Px < c} in finite
time, which is a verified region of attraction. MW

If Wy is obtained by solving the Zubov equation (9) using
algorithms proposed in Section 4, then the set W, can provide
a region of attraction close to the true domain of attraction.
We shall demonstrate this in the next section using numerical
examples, where it is shown that the neural Zubov approach
outperforms sum-of-squares Lyapunov functions in this regard.

6. Numerical examples

In this section, we present numerical examples demonstrat-
ing our ability to effectively compute neural Lyapunov functions
by solving Lyapunov and Zubov equations. We show that the
obtained neural Lyapunov functions can be formally verified,
yielding certified regions of attraction. Thanks to the theoretical
guarantees of Zubov’s equation and the expressiveness of neu-
ral networks, these regions of attraction can outperform those
derived from sum-of-squares Lyapunov functions obtained using
semidefinite programming.

Implementation details: Numerical experiments were conducted
on a 2020 MacBook Pro with a 2 GHz Quad-Core Intel Core i5,
without any GPU. For training, we randomly selected 300,000 col-
location points in the domain and trained for 20 epochs using the
Adam optimizer with PyTorch. The sizes of the neural networks
are as reported in Tables 2 and 3. We used the hyperbolic tangent
as the activation function. Verification was done with the SMT
solver dReal (Gao et al., 2013). All examples are solved using the
tool LyZNet (Liu, Meng, Fitzsimmons, & Zhou, 2024b). The code
is available at https://git.uwaterloo.ca/hybrid-systems-lab/lyznet.
Since formal verification is conducted after training, we choose
neural network sizes that can be effectively verified by the SMT
solver dReal (Gao et al., 2013). Our numerical studies indicate that
a network with two hidden layers of up to 30 neurons each, or
three hidden layers of up to 10 neurons, provides a good balance
between expressiveness and effective verifiability. The numerical
examples below, unless otherwise noted, all use neural networks
with two hidden layers of 30 neurons each. Table 1 summarizes
the computational times for training and verification. Note that
computational time largely depends on computer hardware. The
computational times provided in Table 1 serve as a reference
point.

Example 6 (Van Der Pol Equation). Consider the reversed Van der
Pol equation given by

X1 = —Xo,

o , (23)
Xy = X1 — (1 —x7)xo,

where u > 0 is a stiffness parameter.

For w = 1.0 and X = [-2.5,2.5] x [—3.5, 3.5], we train
a neural network to solve Zubov’'s PDE (9) on X. Fig. 1 depicts
the largest verifiable sublevel set, along with the learned neural
Lyapunov function. It can be seen that the verified ROA is quite
comparable and slightly better than that provided by an SOS
Lyapunov function with a polynomial degree of six, obtained
using a standard “interior expanding” algorithm (Packard et al,,
2010). As the stiffness of the equation increases, we observe fur-
ther improved advantages of neural Lyapunov approach over SOS
Lyapunov functions. With x4 = 3.0 and domain X = [—3.0, 3.0] x
[—6.0, 6.0], the comparison is shown in Fig. 2.
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Level sets

Learned Lyapunov Function

Fig. 1. Verified neural Lyapunov function for Van der Pol equation with u = 1.0
(Example 6). Dashed red: quadratic Lyapunov function; dot-dashed green: SOS
Lyapunov; solid blue: neural Lyapunov.

Learned Lyapunov Function

Level sets

Fig. 2. Verified neural Lyapunov function for Van der Pol equation with u = 3.0
(Example 6). Dashed red: quadratic Lyapunov function; dot-dashed green: SOS
Lyapunov; solid blue: neural Lyapunov. The learned neural Lyapunov function
outperforms a sixth degree SOS Lyapunov function.

Table 1
Training and verification times for numerical examples.
Model Train (s) Verify (s)
Van der Pol (u = 1) 494 973
Van der Pol (u = 3) 502 442
Two-machine power 473 3375
10-d system 92 356
20-d networked Van der Pol 27,342 46,611
Table 2
Parameters and verification results for Van der Pol equation (Example 6).
% Layer Width C Volume SOS volume
1.0 2 30 0.898 95.64% 94.17%
3.0 2 30 0.640 85.12% 70.88%

Example 7 (Two-Machine Power System).Consider the two-
machine power system (Vannelli & Vidyasagar, 1985) modeled
by

X1 = X2,

Xy = —0.5x, — (sin(x; + &) — sin(§)), (24)

where § = 7. Note that the system has an unstable equilibrium
point at (7t /3, 0).

Fig. 3 shows that a neural network with two hidden layers and
30 neurons in each layer provides a region-of-attraction estimate
significantly better than that from a sixth-degree polynomial SOS
Lyapunov function, computed with a Taylor expansion of the sys-
tem model. The example shows that neural Lyapunov functions
perform better than SOS Lyapunov functions when the nonlin-
earity is non-polynomial. We also compared with the rational
Lyapunov function presented in Vannelli and Vidyasagar (1985),
but the ROA estimate is worse than that from the SOS Lyapunov
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Table 3
Parameters and verification results for a two-machine power system
(Example 7).

Layer Width [
2 30 0.742

SOS volume
18.53%

Volume
82.52%

function, and we were not able to formally verify the sublevel
set of the rational Lyapunov function reported in Vannelli and
Vidyasagar (1985) with dReal (Gao et al., 2013). Improving the
degree of polynomial in the SOS approach does not seem to
improve the result either.

Example 8 (10-Dimensional System). Consider the 10-dimensional
nonlinear system from Griine (2021a):

X1 = —x; +0.5x; — 0.1x2,

Xy = — 0.5%1 — X3,

X3 = — X3 + 0.5x4 — 0.1x%,
X4 = — 0.5x3 — X4,

X5 = — X5 + 0.5x5 + 0.1x3,
X = — 0.5x5 — Xg,

X7 = — X7 + 0.5xg,

xg = — 0.5%7 — Xg,

X9 = — X9 + 0.5x10,
X10 = — 0.5%9 — X109 + 0.1x3.

The example was used by the authors of Griine (2021a) and
Gaby et al. (2022) to illustrate the training of neural network
Lyapunov functions for stability analysis, where the trained Lya-
punov functions were not verified. We remark that global asymp-
totic stability of this system can be easily established using an
input-to-state stability argument. Therefore, when training neural
Lyapunov functions for this example, one is essentially computing
a local Lyapunov function within the domain of attraction.

Using the verification method from Section 5, we confirmed
that a quadratic Lyapunov function certifies an optimal ellipsoidal
region of attraction. Therefore, this example offers limited insight
for ROA comparison or showcasing the capabilities of neural
Lyapunov functions. We replicated the training of a local neural
Lyapunov function as described in Gaby et al. (2022) and Griine
(2021a), employing a differential inequality loss and a simple
one-layer network. The training concluded within two epochs,
achieving a maximum loss below 1076 and an average loss under
1077, as depicted in Fig. 4. Due to the system’s high dimensional-
ity, we restricted the neural network’s complexity to enable effi-
cient verification. The verified ROA is smaller than that achieved
with the quadratic Lyapunov function, which is optimal for this
case. Training a local Lyapunov function seems straightforward,
but capturing the full domain of attraction presents challenges,
especially in high-dimensional systems. In the next example, we
will demonstrate how these techniques can be applied to such
systems.

Example 9 (Networked Van Der Pol Oscillators). Inspired by Kundu
and Anghel (2015), we consider a network of reversed Van der Pol
equations of the form

Xi1 = —Xi2,
X = xip — (1 — X3 )X + Z WiiXi1Xj2,
J#
where p; is a parameter ranging from (0.5, 2.5) and p;; represents

the interconnection strength. We choose the number of total
subsystems | = 10. The network topology is depicted in Fig. 5.
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Learned Lyapunov Function

Level sets

Fig. 3. Verified neural Lyapunov function for a two-machine power system
(Example 7). Dashed red: quadratic Lyapunov function; dot-dashed green: SOS
Lyapunov; solid blue: neural Lyapunov. The learned neural Lyapunov function
significantly outperforms a sixth degree SOS Lyapunov function.

Learned Lyapunov Function

Level sets

Fig. 4. Verified neural Lyapunov function for a 10-dimensional system
(Example 8). Dashed red: quadratic Lyapunov function; solid blue: neural
Lyapunov trained using differential inequality loss as in Griine (2021a) and Gaby
et al. (2022). The red surface depicts the derivative of the learned Lyapunov
function along the vector field the system. Plots are projected to the (xq,x2)-
plane.

"\

—

Fig. 5. The network topology for the Van der Pol network.

The parameters u; are randomly generated and take the following
values fori=1, ..., 10:

[1.25,2.4,1.96, 1.7,0.81,0.81,0.62, 2.23, 1.7, 1.92].

We set that u; € (—0.1,0.1) and the number of nonzero entries
in {u;} for each i is fewer than 3.

The total dimension of the interconnected system is there-
fore 20, which is beyond the capability of current SMT or SDP-
based synthesis of Lyapunov functions if a monolithic approach
is taken. We trained neural networks of three hidden layers
with 10 neurons each for the individual subsystems using the
approach proposed in Section 4. We then compositionally verified
regions of attraction using the approach detailed in Section 5 (see
also Liu, Meng, Fitzsimmons, and Zhou (2024a)), leveraging the
compositional structure of the networked system. The verified
regions of attraction for subsystems 1 and 2 are shown in Fig. 6. It
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Subsystem 1: Verified Level sets (1) =1.25) Subsystem 2: Verified Level sets (1 =2.4)

— 505 (network)

—— 508 (network)
e -

Fig. 6. Verified regions of attraction for networked Van der Pol oscillators. We
show the results for subsystems 1 and 2 of a 20-dimensional interconnected
system. The thick solid lines represent the regions of attraction for the in-
terconnected system, while the thin dashed lines indicate those for individual
subsystems.

is clear that the neural network Lyapunov functions outperform
SOS Lyapunov functions.

Remark 8. Our comparison focuses only on SOS Lyapunov func-
tions because existing approaches using neural Lyapunov func-
tions do not provide approximations of the entire domain of
attraction. This limitation exists as training, using the Lyapunov
equation (or inequality), must be conducted on a chosen subset
of the domain of attraction (Chang et al., 2019; Gaby et al., 2022;
Griine, 2021a) and is inherently local. To the best knowledge
of the authors, our work is the first to offer verified regions of
attraction that closely approximate the true domain of attraction
using neural Lyapunov functions. This is achieved by encoding the
Zubov Eq. (9) with a PINN approach and allowing training to take
place in a region containing the domain of attraction.

7. Conclusions

We presented a framework for learning neural Lyapunov func-
tions using physics-informed neural networks and verifying them
with satisfiability modulo theories solvers. By solving Zubov’s PDE
with neural networks, we demonstrated that the verified ROA can
approach the boundary of the domain of attraction, surpassing
sum-of-squares Lyapunov functions obtained through semidef-
inite programming, as shown by numerical examples. This is
achieved by embracing non-convex optimization and leverag-
ing machine learning infrastructure, as well as formal verifica-
tion tools, to excel where convex optimization may not yield
satisfactory results.

There are numerous ways the framework can be expanded.
In the numerical example, we have already demonstrated the
potential of using compositional verification to cope with learning
and verifying Lyapunov functions for high-dimensional systems.
This is ongoing research, and some preliminary results have been
reported in Liu et al. (2024a). Future work could also include tool
development (Liu et al., 2024b) with support for different veri-
fication engines, such as dReal (Gao et al.,, 2013) and Z3 (Moura
& Bjorner, 2008), and leveraging the growing literature on neural
network verification tools. Another natural next step is to handle
systems with inputs, including perturbations and controls. Initial
work on using physics-informed neural network Lyapunov func-
tions for optimal control has been reported in Meng et al. (2024).
Investigating robust and control neural Lyapunov functions from
the Zubov equation can be an interesting approach (Camilli et al.,
2001). It would also be interesting to investigate Zubov equation
with state constraints to training neural Lyapunov-barrier func-
tions (Meng, Li, Fitzsimmons, & Liu, 2022) to cope with stability
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with safety requirements. Simultaneous training of controllers
and Lyapunov/value functions are also promising directions, as
well as data-driven approaches (Meng et al., 2023).

While we have demonstrated that the approach can scale to
high-dimensional systems by leveraging the compositional struc-
ture, SMT verification of neural networks remains a bottleneck.
Further research on efficient tools for formally verifying neural
networks can certainly help maximize the full potential of the
proposed approach.
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Appendix A. Proof of Proposition 1

Proof. (1)-(4) were proved in Liu et al. (2023b) except continuity
of V. See also Liu, Meng, Fitzsimmons, and Zhou (2023a). To show
continuity of V, fix any xo € D. By Assumption 1, for any ¢ > 0,
there exists § > 0 such that |x| < § implies V(x) < ¢g/2.
By asymptotic stability of the origin, there exists some T > 0
such that |¢(T, xg)| < % By continuous dependence of solutions
to (1) on initial conditions, there exists some p > 0 such that
By(x0) C D and [¢(T,y)| < é for all y € B,(xo). It follows that,
for any y € B,(xo),

IV(y) = V(xo)l

T T
/ (. y))dt — f Wt o))t
0 0

+/ a)(¢>(t,y))dt—f w(¢(t7X0))dt‘
T T

T
< / ({6, ¥)) — w((t., x0))] dt
0
V(ST ) — V(O(T. xo)
T
< / 0l9(t, V) — ot o] de +
0

where the last inequality follows from our choice of §, T, p,
and non-negativeness of V. By continuous dependence on initial
conditions and continuity of w, there exists p’ € (0, p) such that
fOT lw(p(t,y)) — w(@(t, x0))|dt < &/2 for all y € By(xo), which
implies

V() —V(xo)l <&, Vy € By(xo)

We proved that V is continuous on D. H

Appendix B. Proof of Proposition 2

We start with the formal definition of viscosity solutions for
first-order PDEs (Bardi et al., 1997; Crandall & Lions, 1983). Con-
sider a first-order PDE of the form

F(x, u(x), Du(x)) =0, xe¢€ £2, (B.1)
where 2 C R" is an open set.

Definition 2. A function u € C(£2) is said to be a viscosity
subsolution of (B.1) if for any ¥ € C!(£2), we have
F(x,u(x),Dy(x)) =0

whenever x is a local maximum of u — . It is said to be viscosity
supersolution of (B.1) if for any ¥ € C!(£2), we have
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F(x, u(x), Dyr(x)) = 0

whenever x is a local minimum of u — . We say u is a viscosity
solution of (B.1) if it is both a viscosity subsolution and a viscosity
supersolution.

An equivalent way to define viscosity solutions is given below.
Consider any function v : 2 — R and define the sets

D u(x)
V) —vx) —p-y=x) _ 0}

= {p € R": limsup

y—X |y - X|

and

D™ v(x)

= {p e R": liminf W) — v —p- v —x) > 0} .
yox ly — xI

They are called the (Frechét) superdifferential and the subdiffer-
ential of v at x.

Definition 3. A function u € C(£2) is said to be a viscosity
subsolution of (B.1) if

F(x,u(x),p) <0, Vxe 2, peDhux),

and a viscosity supersolution of (B.1) if
F(x,u(x),p) >0, Vxe £2,peD ux).

The equivalence of these conditions is standard and can be
found in Bardi et al. (1997, Chapter 2). Depending on the situa-
tion, one of these equivalent definitions may be more convenient
to use. At any point x where u is differentiable, we have D u(x) =
D~u(x) = {Du(x)} and the PDE (B.1) is satisfied in the classical
sense.

It is clear from the definition of viscosity solutions that the PDE
(B.1) is not equivalent to —F(x, u, Du) = 0 in the viscosity sense.
When interpreting the Lyapunov PDE (3) in viscosity sense, we
define

Fi(x.u, p) = —w(x) —p - f(x).

We now provide a proof of Proposition 2.

(B.2)

Proof. (1) Consider V defined by (4). From Proposition 1(4), V is
continuous on £2. Let ¥ € C!(£2). Suppose x is a local maximum
point of V — . It follows that

V(x) = ¥(x) = V(z) — ¥(2)

for all z in a small neighborhood of x, which implies

V(x) — (%) = V(g(t, x)) — ¥ ((t, X)),

for all ¢ close to 0. Rearranging this gives

V(g(t, x)) — V(x) = ¥(9(t, X)) — ¥(x).

By Proposition 1 and continuous differentiability of i, we have

w < DY (x) - f(x),

o=
which verifies V is a viscosity subsolution of (3) in view of
(B.2). Similarly, we can show that V is a viscosity supersolution.
Uniqueness follows from a special case of the optimality principle
(see Proposition 11.5.18, Theorem I1I1.2.33, and Remark II1.2.34
in Bardi et al. (1997)).
(2) To show local Lipschitz continuity of V under the stated
assumptions, consider any compact set K C D. Then, for any
r > 0, there exists some T > 0 such that |¢(t,x)| < r for all
t > T and all X €K. There also exists gnother compact set K such
that ¢(t, x) € K for all t > 0. Indeed, K can be taken as the union
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of the reachable set of (1) from K on [0, T] and B,. Let Ly > 0 be
a Lipschitz constant of f on K and L,, be a Lipschitz constant of w
on K. For any x, y € K, we have

T
V(x) = V¥l = / lw(o(t, X)) — w((t, y))| dt
0

+ / (. X)) — ol@(t. y)] dt
T
elT —1

<L, [x —yl

f

(o]

+Lw/0 lp(s, ¢(T, x)) — (s, #(T, y))l dt, (B.3)
where, to obtain the inequality above, we used Gronwall’s in-
equality to estimate |p(t, x) — ¢(t,y)| < |x — y| ekt for t € [0, T]
within the first integral.

We now determine a sufficiently small r > 0 such that
the following contraction condition holds for all solutions of (1)
starting from B;: there exists C > 0 and ¢ > 0 such that

|p(t, %) — p(t, y)l < Ce™" |x —yl,

We do this by local Lyapunov analysis. By stability of the origin,
for any ¢ > 0, there exists some r > 0 such that |[x| < r implies
|p(t, x)| > € for all t > 0. We focus on our analysis in B;.

Consider A = Df(0) and g(x) f(x) — Ax. Then g(0)
Dg(0) = 0. By Assumption 2, Dg is continuous. Let P be the
solution to the Lyapunov equation PA 4+ ATP = —I. Consider the
Lyapunov function W(x) = x” Px. Fix any x, y € B;. Then we have
o(t,x), p(t,y) € B, for all t > 0. Define E(t) = ¢(t, x) — ¢(t,y)
for t > 0. We have

X,y € B;. (B4)

w = 2ET(O)P(f(t, B(t, X)) — f(t, p(t, ¥))
= 2ET(6)P(AE() + g(@(t, 1) — (¢, )
= E"(t)(PA + ATP)E(t)

1
+ 2ET(t)/ Dg(p(t,y) + sE(t))dt - E(t)
0

< — [EOI* +2 sup IDg(2) IE@)I,
z|<e

where the first two equalities are direct computation, the third
equality is by the mean value theorem, and in the last inequality,
we used the convexity of B,. Since Dg is continuous and Dg(0) =
0, we can choose ¢ sufficiently small such that 2 sup,|, [|Dg(z)|
< 1. It follows that
dW(E(t
WD _ _cweeqey),

dt
where ¢ = (1 — 2sup, <, 1Dg(2)I1)/Amax(P) and Amax(P) is the
maximum eigenvalue of P. From here we readily conclude that
(B.4) holds.

With (B.4), we continue from (B.3) and compute

V(x)— V)
elsT —1
<L

— W

o0
X —y| +L,e¥T |x —y| C/ e otdt
0
=Llx—yl,

where L = L,(e¥T — 1)/L; + L,e¥TC/o. We have proved that V
is locally Lipschitz on £2. By Rademacher’s theorem, V is differ-
entiable almost everywhere in D. At points where V is differen-
tiable, a viscosity solution reduces to a classical solution. Hence,
(3) is satisfied almost everywhere in the classical sense.

(3) Define

J(x) /oo Dw(¢p(t, x))D(t, x)dt, x e D,
0

(B.5)
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where @(t) is the fundamental matrix solution to the initial value
problem

d(t,x) = A(t, \)D(t,x), ®(0)=1,

with I being the n-dimensional identity matrix and A(t, x)
Df(¢(t, x)). We prove the following:

J(x) is well defined for all x € D.
J is continuous with respect to x.

(a)
(b)
(0)

c) The limit
174 h)—V(x)— h
lirn| (x +h) — V(x) — J(x)h| —0 (B.6)
h—0 |h|
holds.

Combining these shows that V is continuously differentiable on
Dand DV =].

To prove (a), fix any x € D. By asymptotic stability of the origin
and o being C', it is clear that Dw(¢(t, x)) is uniformly bounded.
We prove (a) by bounding columns of &(t,x) with Lyapunov
analysis. Consider the ith column given by

Cbi(t,X) :A(t,X)¢,'(t,X), @i(O) = 6;.

Clearly, A(t, x) — A = Df(0) as t — oo, because f € C'. Consider
P and W as defined in the proof of part (2). We have
W = @/ (t, x)(PA(t, x) + AT(t, X)P)®;(t, x)
= @/ (t, x)(PA + ATP)®i(t, x)
+ &/ (t, X)(PE(L) + ET(£)P)Di(t, X),

where £(t) = A(t, x) — A. Pick ¢ > 0 such that 2 ||P|| ¢ < 1. Since

E(t) —> 0ast — oo, there exists some T > 0 such that |E(t)| < ¢

for all t > T. It follows that

dW(®i(t,x)) _
dt -

where ¢ = (1 — 2||P|| €)/Amax(P). It follows that &;(t) exponen-
tially converges to zero as t — oo. Hence J(x) is well defined for
each x € D.

To prove (b), we rely on continuous dependence of &(t, x) and
#(t, x) on x. Fix x € D. Consider p > 0 such that B,(x) C D. By
the analysis above, we know each element of &(t,y) converges
exponentially to zero as t — oo for y € B,(x). It follows from
a continuity and compactness argument that the convergence
is uniform for y € B,(x). Furthermore, Dw(¢(t, y)) is uniformly
bounded for y € B,(x). Similar to the proof of continuity of V in
Proposition 1, we can write

V@) —JX)l
T

S/ IDw(¢(t, y))P(t.y) — D((t, X))P(t, X)| dt
0

_CW(Qi(t’X)L vt > T,

[o¢] [o ]

+ [ wotge e yide+ [ pato el d.
T T

Thanks to uniform convergence of &(t,y) to zero and uniform
boundedness of Dw(¢(t,y)) for y € B,(x), for any ¢ > 0, we
can choose T sufficiently large, independent of y € B,(x), such
that the last two integrals are bounded ¢ /4. For this fixed T, by
continuous dependence on initial conditions again, we can then
choose p’ € (0, p) such that the first integral is bounded by &/2
for ally € B,/(x). It follows that [J(y) — J(x)| < € for ally € B,/(x).
We have proved that J is continuous.

We now prove (c). Fix any x € D. Pick p > 0 such that
B,(x) C D.Letr > 0 be such that (B.4) holds. Choose T > 0
such that |¢(t,y)| < r forall t > T and all y € B,(x). Consider
any h with |h| < pand T > T. We have

IV(x +h) = V(x) = J(x)h|
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/ " ot x+ e — f " o@(t, x))dt
0 0
— /Oo Do(¢(t, x))D(t, x)dt - h‘

0

T
< / (e, x + h)) — w(d(t. X))
0
— Doo(t, X)) (¢, X)h|dt

+ /00 [Daw(p(t, x))P(t, x)| dt |h]
T

+/ lw(o(t, x + h)) — w(e(t, x))| dt. (B.7)
T

We analyze each of the three integrals above. Let Ly and L, be
Lipschitz constants of f and « on the reachable set from B,(x).
First, by Gronwall’s inequality on [0, f] and contraction property
(B.4) on [T, T], we have

(T, x + h) — $(T.x)| < &7 |nj e,
By (B.4) again, this implies

/ lo(@(t, x + h)) — w(é(t, X)) dt

T

<r,ebt |h|e’”(T’hC/ e otdt
0

LweLff'e—o(T—'f)C

= |h| . (B.8)
o
For any ¢ > 0, choose T sufficiently large such that
L,e¥Te T C/o < ¢/4 (B.9)
and
o0 £

| petote. et viar < 5. (8.10)

T

the latter of which is possible as analyzed in the proof of (b).
By the mean value theorem, we have

o(P(t, x + h)) — w(é(t, X)) = Da(P(t, §))D(L, §)h,
where § = (1 — ¢)x + c(x + h) for some ¢ € (0,1). Note
that & — x = ch By uniform continuity of Dw(¢(-, -))®(-, -) on
[0, T] x B,(x), there exists p’ € (0, p) such that
IDa(g(t. §)(t. ) = Dolg(t, (L. V)] < 5.

for all h with |h| < p’. Putting (B.8), (B.9), (B.10), (B.11), together
with (B.7) implies

[V(x+ h) — V(x) — J(x)h| < ¢ h], (B.12)

for all h such that |h| < p’. Hence the limit (B.6) holds and (c) is
proved.

We conclude that V defined by (4) is continuously differen-
tiable on D and the unique solution to (3) in C!(§2) for any open
set 2 C D by item (1) of the proposition. H

(B.11)

Appendix C. Proof of Theorem 2

A viscosity solution of (9) is interpreted as a viscosity solution
to Fz(x, u, Du) = 0 with
Fz(x,u,p) = —o(X)y(u)(1 —u) — p - f(x),

where ¢ is from (7).

(C.1)

Proof. We first verify that W defined by (8) is a viscosity solution
to (9) on R". Let h e C!(R"). Suppose that X, € D is a local
maximum of W — h. It follows from the same argument in the
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proof of Proposition 2(1) that
W(e(t, x0)) — W(xo) < h((t, X0)) — h(xo) (C2)

for all t close to 0. Note that ¢(t, xg) € D and W(x) = S(V(x)) for
all x € D. By Proposition 1, Eq. (7), and continuous differentiabil-
ity of h, we have
W(g(t, x0)) — W(xo)

t

—w(Xx)y (WY1 -W) = lilg

< Dh(xo) - f(Xo)- (C3)

When xp € R" \ D is a local maximum of W — h, we have
W(¢(t,x0)) = 1 and (C.3) still holds. This verifies that W is a
viscosity subsolution of (3) on R" in view of (C.1). Similarly, we
can show that W is a viscosity supersolution on R".

We proceed to prove uniqueness on any open set £2 containing
the origin. Let u; and u, be two viscosity solutions to (9) on
£2 subject to the same boundary condition (10) and satisfying
u1(0) = uy(0) = 0. Pick § > O sufficiently small such that
Bs C 2 ND, u(x) < 1, and ¥(ui(x)) > 0 for all x € B;s.
Then B! is well defined and increasing on the range of u;(x) on
Bs for i = 1, 2. This is possible by continuity of u; and ¥, and
the definition of S in (7). By Bardi et al. (1997, Proposition 2.5),
vi(x) = B~ (u;(x)) is a viscosity solution of

Fz(x, B(v), B'(v)Dv) = 0,

By (C.1) and positiveness of ¥(8(v))(1 — B(v)) for x € B;s, v
(i = 1,2) is a viscosity solution of (3) on Bs in view of (B.2).
Clearly, v1(0) = v,(0). By Proposition 2(1) and continuity, v; and
v, are identical on Bs;, which implies u; and u, are identical on
B;s.

Suppose u; and u; are nonidentical on £2' = £ \ B;. Note that
082’ = 082 U 3Bs. We have u; = u, on 92,

Without loss of generality, assume there exists x € §2’ such
that uy(x) > uy(x). For each ¢ > 0, define an auxiliary function

Ix—yl?
2¢

Let (X, y.) be a maximum &, on £2’ x £2’. Following a standard
comparison argument (Bardi et al., 1997, Theorem IL.3.1) (see
also Liu et al. (2023a)), we can show that (x.,y.) can only be
achieved in £2’ x 2’ for all ¢ sufficiently small. Furthermore, we
can establish |x, — y.| — 0 and %
Xe — Ye

X € Bs.

De(x,y) = ur(x) — uz(y) — s () e x 2

— 0ase — 0, and

—o(Xe )Y (u(x:))(1 — ua(x;)) — flxe) <0,
and

Xe — Ve
—o(Ye )Y (Ua(ye )1 — uz(ye)) — fye) = 0.
Let
a :_(xs_YE)'f(xs) __(Xs_ys)'f(YS).

ew(Ye)

Define G(s) = ¥(s)(1 — s). From the above two inequalities, we
have

G(uq(xe)) > ac,

ew(Xe)

Guz(ye)) < be.

Furthermore, we have

0 < ur(x) — ua(X) = Pe(X, X) < Pe(Xz, ¥e)
< ug(Xe) — Ua(ye)-

By monotonicity of G, we obtain

a; — b < G(us(x,)) — G(ua(ye)) < 0.

Recall that |x, —y.| — 0 and % — 0 as ¢ — 0. By Lipschitz

continuity of f and w on £’, we can verify a, — b, — 0 as
& — 0. Now, by uniform continuity of G~! on the compact set
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G(Y), where Y C I is a compact set containing the image of u,
and u, from £2’, we conclude that u;(x,) — us(y.) — 0 as ¢ — 0,
which contradicts (C.4).

Hence u; and u, are identical on £2’ as well. We have proved
uniqueness of viscosity solution to (9) on 2. Items (2) and (3) are
direct consequences of items (2) and (3) in Proposition 2. W

Appendix D. Proof of Proposition 4

We begin with the following definition. We say that v is an
g-approximate viscosity solution of (9), if

Vx € 2, p e DTu(x),
Vx € 2, p € D" v(x).

FZ(X’ U(X), p) <e,
FZ(X! U(X)v p) > =,

where F7 is from (C.1).

Proof. For each § > 0 such that B C £ N D, we denote
' £ \ B;. Note that 952’ 982 U 3Bs. In the proof of
Theorem 2, we essentially proved the following fact: if u; is a
viscosity subsolution to (9) and u, is a viscosity supersolution to
(9) on £2" and u; < up on 9£2’, then we have u; < u, on £2’. We
define

C(e, &) = max {—v +67! (G(v) -

8 )
minxef)\Bs w(X) '

v—G! (G(u)+ (D.1)

&
)l
MiNe 5\ 5 w(x)
Evaluations of G~ above are valid because of the assumption on
v and &. By continuity of G and G™', C(e, &5) — 0 as ¢ — 0 and
&p — 0. With this choice, it follows from monotonicity of G that

—w(X)G(v + C(g, &) = —(X) (G(v) B h)
x€2\Bs

> —w(x)G(v) + &.

Similarly, —w(x)G(v — C(e, €5)) < —w(x)G(v) — &. Hence, we can
readily verify that v + C(e, &) is a viscosity supersolution and
v — C(e, &p) is a viscosity subsolution of (9) on £2’ with boundary
condition (10) on 9£2’. By the comparison argument in the proof
of Theorem 2, we can show W(x) < v + C(e, &) and W(x) >
v — C(e, gp) on 2.

Now consider the sequence {v,} and we show it uniformly
converges to W on 2. For any p > 0, choose § > 0and N > 0
such that [W(x)| < £ and |v,(x)| < 4 forallx € Bs and alln > N.
This is possible by the fact that W(0) 0, W is continuous,
vp(0) - 0 as n — oo and v, has a uniform Lipschitz constant
on £2. By uniform convergence of v, to W on 952, we can choose
N sufficiently large such that |W(x) — v,(x)] < p foralln > N
and x € 952.

With fixed p and 8, choose N sufficiently large such that
C(en, p) < p for all n > N. This is possible by &, | 0, the
continuity of G and G~!, and the definition of C(e, g,) in (D.1).
Since v, is an g,-approximate viscosity solution to (9) on £2’ with
boundary error |[W(x) — v,(x)| < p on 382’, where 2’ = 2 \ B;s,
by the conclusion established earlier, we have |v;(x) — W(x)| <
C(en, p) < p forallx € §2'. Since we also have [W(x) — vy (x)| < p
for x € Bs and n > N, we have proved |v,(x) — W(x)| < p for all
xefandalln>N. =m
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