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ABSTRACT

Stability and safety are two important aspects in safety-critical control of dynamical systems. It has
been a well established fact in control theory that stability properties can be characterized by Lyapunov
functions. Reachability properties can also be naturally captured by Lyapunov functions for finite-
time stability. Motivated by safety-critical control applications, such as in autonomous systems and
robotics, there has been a recent surge of interests in characterizing safety properties using barrier
functions. Lyapunov and barrier functions conditions, however, are sometimes viewed as competing
objectives. In this paper, we provide a unified theoretical treatment of Lyapunov and barrier functions
in terms of converse theorems for stability properties with safety guarantees and reach-avoid-stay
type specifications. We show that if a system (modeled as a dynamical system with measurable
perturbations) possesses a stability with safety property, then there exists a smooth Lyapunov function
to certify such a property. This Lyapunov function is shown to be defined on the entire set of initial
conditions from which solutions satisfy this property. A similar but slightly weaker statement is made
for reach-avoid-stay specifications. We show by a simple example that the latter statement cannot be
strengthened without additional assumptions. We further extend the results for systems with control
inputs and prove existence of converse Lyapunov-barrier functions for reach-and-avoid specifications.
One clear limitation of the results of this paper is that the converse Lyapunov-barrier theorems are
not constructive, as with classical converse Lyapunov theorems. We believe, however, that the unified
necessary and sufficient conditions with a single Lyapunov-barrier function are of theoretical interest
and can hopefully shed some light on computational approaches.

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

criteria for stability analysis. Assuming local Lipschitz continu-
ity of the system dynamics, one can show that such Lyapunov

Lyapunov stability theory (Lyapunov, 1992) has been a cor-
nerstone of automatic control. It is well known that stability
properties for various models of nonlinear systems can be charac-
terized by Lyapunov functions in the form of converse Lyapunov
theorems (Clarke, Ledyaev, & Stern, 1998; Kurzweil, 1956; Lin,
Sontag, & Wang, 1996; Massera, 1949; Teel & Praly, 2000; Wil-
son, 1969) (see also Teel and Praly (2000, Section 1.1) for a
nice historical account). The corresponding Lyapunov conditions
characterize the regularity of dynamical flows and provide crucial
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functions possess additional nice properties such as smoothness
that can be used to infer robust stability properties (Lin et al.,
1996). The same idea also constitutes the underlining philosophy
of applying Lyapunov methods to control design (Freeman &
Kokotovic, 2008).

In recent years, safety properties for dynamical systems re-
ceived considerable attention, primarily motivated by safety-
critical control applications, such as in autonomous cyber-
physical systems and robotics (Agrawal & Sreenath, 2017; Ames
et al,, 2019; Cheng, Orosz, Murray, & Burdick, 2019; Hsu, Xu, &
Ames, 2015; Nguyen, Da, Grizzle, & Sreenath, 2020; Yang, Belta,
& Tron, 2019). In these applications, barrier functions (Prajna &
Jadbabaie, 2004) are used to certify that solutions of a given sys-
tem can stay within a prescribed safe set, along with their control
variants, called control barrier functions (Ames, Xu, Grizzle, &
Tabuada, 2016; Wieland & Allgéwer, 2007), to provide feedback
controls that render the system safe. The barrier function ap-
proach can be further combined with Lyapunov method to satisfy
stability and safety requirements at the same (Ames et al., 2016;
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Jankovic, 2017; Niu & Zhao, 2013; Romdlony & Jayawardhana,
2016; Tee, Ge, & Tay, 2009; Wu et al,, 2019). Such formula-
tions are amenable to optimization-based solutions enabled by
quadratic programming (Ames et al., 2016; Xu, Tabuada, Grizzle,
& Ames, 2015) or model predictive control (Wu et al., 2019),
provided that the control system is in a control-affine form.

Another important characteristic of a dynamical system is
whether or not its solutions can reach a certain target set from
a given initial set (with or without control). This is defined as
reachability, which plays a key role in analysis and in particular
control of dynamical systems (Bertsekas & Rhodes, 1971). Reach-
ability analysis and control can also be viewed as an important
special case of verification and control of dynamical systems
with respect to more general formal specifications (Li & Liu,
2020). Since asymptotic stability entails asymptotic attraction,
reachability can be naturally captured by asymptotic stability and
Lyapunov conditions.

The stability/reachability and safety objectives, however, are
sometimes conflicting. For example, while a system can reach
a target set from a given initial set, it may have to traverse
an unsafe region to do so. For this reason, when formulating
the problem as an optimization problem, some authors defined
safety as a hard constraint, and reachability/stability as a soft
(performance) requirements (Ames et al., 2016).

The main objective of this paper is to provide a theoretical
perspective on uniting Lyapunov and barrier functions. The level
sets of Lyapunov functions naturally define invariant sets that
can be used to certify safety. The work in Tee et al. (2009)
used the notion of “barrier Lyapunov function" to ensure stability
under state constraints is achieved. As pointed out by Ames
et al. (2016), such conditions sometimes are overly strong and
conservative. The more recent work (Romdlony & Jayawardhana,
2016) proposed the notion of (control) Lyapunov-barrier func-
tion (the lower-bounded function W in Romdlony and Jayaward-
hana (2016, Proposition 1 and Definition 2)), and derived suffi-
cient conditions for stability and stabilization with guaranteed
safety. Despite the potential practical value of the control design
framework presented in Romdlony and Jayawardhana (2016), the
type of Lyapunov-barrier functions considered in Romdlony and
Jayawardhana (2016) (defined on R" and radially unbounded)
implicitly imposes strong conditions on the unsafe set (e.g., it
has to be unbounded Braun and Kellett (2017, Theorem 11)). The
authors of Braun and Kellett (2017) then proposed sufficient con-
ditions for safe stabilization using non-smooth control Lyapunov
functions (see also Braun, Kellett, and Zaccarian (2019)). The same
authors also pointed out a technical inconsistency (see Braun
and Kellett (2020) for details) of the control Lyapunov-barrier
conditions proposed in Romdlony and Jayawardhana (2016). All
these indicate that unifying Lyapunov and barrier functions is a
non-trivial task.

In this paper, we approach this question of uniting Lyapunov
and barrier functions from the converse direction. Different from
the aforementioned work, we aim to formulate necessary (and
sufficient) Lyapunov conditions for asymptotic stability under
state constraints. We show that, if we restrict the domain of the
Lyapunov function to the set of initial conditions from which
solutions can simultaneously satisfy the conditions of asymp-
totic stability and safety, then a smooth Lyapunov function can
be found, building upon earlier results on converse Lyapunov
functions (Kurzweil, 1956; Teel & Praly, 2000). In particular, the
results from Teel and Praly (2000) play a key role in inspiring us
to formulate a Lyapunov function that is defined on the entire
set of initial conditions from which the stability with safety
specification is satisfied. We further extend the converse theo-
rems to reach-avoid-stay type specifications, for which solutions
of a system are required to reach a target set within a finite
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time and remain there after, while avoiding an unsafe set. Since
reachability (similar to asymptotic attraction) does not impose
any stability conditions (see Vinograd’s example Meiss (2007,
p. 120)), we in general cannot expect to find a Lyapunov function
that is defined in a neighborhood of the target set. We use
a robustness argument (Liu, 2022) to obtain a slightly weaker
statement in the sense that if a reach-avoid-stay specification
is satisfied robustly, then there exists a robust Lyapunov-barrier
function that is robust under perturbations arbitrarily close to
that of the original system.

The main contributions of the paper are summarized as fol-
lows.

e We formulate the problems of stability with safety and
reach-avoid-stay specifications and establish connections
between them.

e We prove a smooth converse Lyapunov-barrier function the-
orem that is defined on the entire set of initial conditions
from which the stability with safety property is satisfied.

e We extend the converse Lyapunov-barrier function theorem
to reach-avoid-stay type specifications using a robustness
argument. We show by example that such statements are
the strongest one can obtain.

e We extend the converse Lyapunov-barrier functions to con-
verse control Lyapunov-barrier functions w.r.t. reach-avoid-
stay specifications, provided that there exists a Lipschitz
continuous feedback law.

One clear limitation of the results of this paper is that the
converse Lyapunov-barrier theorems are not constructive, as with
classical converse Lyapunov theorems. Nonetheless, the unified
necessary and sufficient conditions with a single Lyapunov-
barrier function are of theoretical interest and can hopefully
shed some light on developing computational approaches (see,
e.g., Berkenkamp, Moriconi, Schoellig, and Krause (2016), Djabal-
lah, Chapoutot, Kieffer, and Bouissou (2017), Ratschan and She
(2010), Ravanbakhsh and Sankaranarayanan (2017) and Zhao,
Zeng, Chen, and Liu (2020)) for stability with safety or reach-
avoid-stay specifications.

The rest of this paper is organized as follows. In Section 2,
we present the problem formulation. In Section 3, we prove a
smooth converse Lyapunov-barrier function theorem for stabil-
ity with safety guarantees. In Section 4, we extend the con-
verse Lyapunov-barrier theorem to reach-avoid-stay type spec-
ifications. The paper is concluded in Section 6.

We list some notation used in this paper. We use R" to denote
the Euclidean space of dimension n > 1, R the set of real
numbers, R. ¢ the set of positive real numbers, and R the set of
nonnegative real numbers. For x € R" and r > 0, we denote the
ball of radius r centered at xby x +rB={y e R": |y — x| <1},
where || is the Euclidean norm. For a closed set A C R"
and x € R", we denote the distance from x to A by ||x|, =
infyea [Ix — yll and r-neighborhood of A by A4+1B = Uyea(x+71B) =
{x e R": |Ix||4 <r}. For a set A € R", A denotes its closure. For
two sets A,B € R", we use A \ B to denote the set difference
defined by A\ B = {x: x €A, x ¢ B}. We say a function « :
R>o — Rs( belongs to class K if it is continuous, zero at zero,
and strictly increasing. It is said to belong to K if it belongs to
class K€ and is unbounded. A function 8 : Rsp X R>g — Rso
is said to belong to class K. if, for each t > 0, B(-, t) belongs
to class K and, for each s > 0, B(s, -) is decreasing and satisfies
limg_, o B(s, t) = 0.

2. Preliminaries

Consider a continuous-time dynamical system

x = f(x), (1)
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where x € R" and f : R" — R" is assumed to be locally Lipschitz.
For each xy € R", we denote the unique solution starting from x,
and defined on the maximal interval of existence by ¢(t; xo). For
simplicity of notation, we may also write the solution as ¢(t) if
Xo is not emphasized or as ¢ if the argument t is not emphasized.

Given a scalar § > 0, a §-perturbation of the dynamical system
(1) is described by the differential inclusion

x € Fs(x), (2)

where Fs(x) = f(x) + éB. An equivalent description of the
8-perturbation of system (1) can be given by

x=f(x)+d, (3)

where d : R — B is any measurable signal. We denote system
(1) by S and its §-perturbation by S;. Note that Ss reduces to S
when § = 0. A solution of Ss starting from xo can be denoted
by ¢(t; xo, d), where d is a given disturbance signal. We may also
write the solution simply as ¢(t) or ¢.

We introduce some notation for reachable sets of Ss. Denote
the set of all solutions for S; starting from xo by @s(xo). Let R(xo)
denote the set reached by solutions of S; at time t starting from
Xo, 1.€.,

R§(x0) = {p(t) : ¢ € Ds(xo)}.

For T > 0, we define

Ry (x0) = [ Ri(x0),  RE==T(x0) = [ Rf(xo),
t>T 0<t<T

and write
Rs(Xo) = R§™(Xo)-
For a set W C R",

RsW) = | J Rxo).

XxgeW

RETW) = | R (x0),

XoeW

Ry w) = | 5 (xo),
XpEW

Rs(W) = | Rs(xo).

XpeW

Definition 1 (Forward Invariance). A set 2 C R" is said to be
forward invariant for S; (or §-robustly forward invariant for S),
if solutions from §2 are forward complete (i.e., defined for all
positive time) Rs(£2) C £2.

2.1. Reach-avoid-stay and stability with safety guarantees

In this subsection, we formally define two common types
of properties for solutions of S; and highlight the connections
between them.

The first one is on reaching a target set in finite time and
remaining there after, while avoiding an unsafe set. This is often
called a reach-avoid-stay type specification.

Definition 2 (Reach-Avoid-Stay Specification). We say that S; satis-
fies a reach-avoid-stay specification (W, U, £2), where W, U, 2 C
R", if the following conditions hold:

(1) (reach and stay w.r.t. £2) Solutions of S; starting from W
are defined for all positive time (i.e., forward complete) and
there exists some T > 0 such that RQET(W) C .

(2) (safe wr.t. U) Rs(W)NU = @.
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If these conditions hold, we also say that S §-robustly satisfies
the reach-avoid-stay specification (W, U, £2).

A closely related property for solutions of S; is stability with
safety guarantees. We first define stability for solutions of S5 w.r.t.
a closed set.

Definition 3 (Set Stability). A closed set A C R" is said to be
uniformly asymptotically stable (UAS) for S;s if the following two
conditions are met:

(1) (uniform stability) For every ¢ > 0, there exists a §; > 0
such that ||¢(0)|l; < 8. implies that ¢(t) is defined for
t > 0 and ||¢(t)ll4 < ¢ for any solution ¢ of S5 for all
t > 0; and

(2) (uniform attractivity) There exists some p > 0 such that,
for every ¢ > 0, there exists some T > 0 such that ¢(t) is
defined for t > 0 and ||¢(t)||, < ¢ for any solution ¢ of Ss
whenever [|¢(0)]|, < pand t > T.

If these conditions hold, we also say that A is §-robustly UAS (or
8-RUAS) for S.

Definition 4 (Domain of Attraction). If a closed set A C R" is §-
RUAS for S, we further define the domain of attraction of A for
Ss, denoted by Gs(A), as the set of all initial states x € R" such
that any solution ¢ € ®;(x) is defined for all positive time and
converges to the set 4, i.e.,

Gs(A) = {x € R" : Vo € @5(x). lim [|(t)]5 = O}.

Definition 5 (Stability with Safety Guarantee). We say that S;
satisfies a stability with safety guarantee specification (W, U, A),
where W, U,A C R" and A is closed, if the following conditions
hold:

(1) (asymptotic stability w.r.t. A) The set A is UAS for S; and
the domain of attraction of A contains W, i.e. W C Gs(A).
(2) (safe wr.t. U) Rs(W)NU = @.

If these conditions hold, we also say that S §-robustly satisfies
the stability with safety guarantee specification (W, U, A).

3. Converse Lyapunov-barrier function for stability with safety
guarantees

In this section, we derive a converse Lyapunov-barrier func-
tion theorem for Ss satisfying a stability with safety guarantee
specification (W, U, A).

Definition 6 (Teel & Praly, 2000). Let A € R" be a compact
set contained in an open set D C R". A continuous function
w : D — Ry is said to be a proper indicator for A on D if the
following two conditions hold: (1) w(x) = 0 if and only if x € A;
(2) limpy_ o0 w(xy) = oo for any sequence {x;;} in D such that
either x,, — p € dD or |x;;| — co as m — Q.

Intuitively, a proper indicator for a compact set A C D, where
D C R" is open, is a continuous function whose value equals zero
if and only if on A and approaches infinity at the boundary of
D or at infinity. It generalizes the idea of a radially unbounded
function.

Remark 7. Let A C R" be a compact set contained in an open
set D C R". There is always a proper indicator for A on D defined
by Teel and Praly (2000, Remark 2)

1 2
X) = max X ’ T di ,
w(X) { 11l o ”X“R"\D dist(A, R" \ D) }
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where dist(A, R" \ D) = infye [|X||gn\p. Indeed, @ is clearly
continuous. If x € A, we have w(x) = ||x]|, = 0. If x € D\ A,
we have w(x) > ||x||; > 0. For any {x,} in D such that either
Xn — p € 90D or |x,] — o0 asn — oo, we either have

Xmlla — 00 oF g — oo.

Theorem 8. Suppose that A is compact, U is closed, and ANU = (.
Then the following two statements are equivalent:

(1) Ss satisfies the stability with safety guarantee specification
(W, U, A).

(2) There exists an open set D such that (A U W) C D and
DNU = @, a smooth function V : D — R and class K«
functions «aq and o such that, for all x € D and d € 5,

ai(w(x)) < V(x) < ax(w(x)), (4)
and
VV(x)- (f(x) +d) < —=V(x), (5)

where w be any proper indicator for A on D,
Moreover, the set D can be taken as the following set

Ws = {x e R": V¢ € ®s(x), Jim [i¢(£)ll = 0 and

¢(t) ¢ U, Vt > 0}. (6)

Clearly, the set W; defined above includes all initial states
from which solutions of S; will approach A and avoid the unsafe
set U. The following lemma establishes some basic properties of
the set Ws. The proof can be found in Appendix A of the arXiv
version (Liu, Meng, Li, & Fitzsimmons, 2020).

Lemma 9. Suppose that A is compact, U is closed, and ANU = @. If
Ss satisfies a stability with safety guarantee specification (W, U, A),
then the set Wi is open, forward invariant, and satisfies W C W; C
Gs(A).

The proof of Theorem 8 relies on the following result, which
states that, on any forward invariant open subset D of Gs(A), we
can find a “global” Lyapunov function relative to D.

Proposition 10. Let A C R" be a compact set that is UAS for Ss. Let
D C R" be an open set such that A C D C Gs(A) and D is forward
invariant for Ss, where Gs(A) is the domain of attraction of A for S;.
Let w be any proper indicator for A on D. Then there exist a smooth
function V : D — R and class K, functions oy and «; such that
conditions (4) and (5) hold for all x € D and d € éB.

This proposition can be proved by combining the proof for
Proposition 3 and the statements of Theorem 2 and Theorem
1 in Teel and Praly (2000). The main difference being that the
results in Teel and Praly (2000) are stated for more general
differential inclusions and Proposition 3 in Teel and Praly (2000)
is proved on the whole domain of attraction of A, whereas the
above results are for specific §-perturbations of a Lipschitz ordi-
nary differential equation and for any open forward invariant set
containing the set A. Due to this subtlety, Proposition 3 of Teel
and Praly (2000) is not directly applicable for our purpose. For
completeness, we provide a more direct proof of this result in
Appendix B of the arXiv version (Liu et al., 2020).

Proof of Theorem 8

We first prove (2) = (1). The fact that V is a smooth Lya-
punov function, i.e., satisfying conditions (4) and (5), on an open
neighborhood D containing A shows that A is UAS for S;. We
show that the set D is forward invariant. Let X, € D. Then for
any ¢ € ®ds(xq), we have
dv(¢(1))

—ar = VVie)- (flo(t)) +d(t)) <0
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holds for almost all ¢t > 0. It follows that V(¢(t)) < V(x¢) < oo.
Hence ¢(t) is bounded, defined, and satisfies ¢(t) € D for all t >
0. By forward invariance of D and W C D, we have Rs(W) C D
and Rs(W)NU = @. It remains to show that W C Gs(A). For any
Xo € W and any ¢ € ®s(xo), we have ¢(t) € D for all t > 0. Hence

@ = VV((1)) - (F(@(1)) + d(t)) < ~V((1)) < 0

as long as ¢(t) € A. A standard Lyapunov argument shows that
l¢(t)lx — 0 ast — oo. Hence xo € Gs(A) and W C Gs(A).
We have verified that S; satisfies a stability with safety guarantee
specification (W, U, A).

We then prove (1) = (2). By Lemma 9, we can let D = Ws;.
Then (AU W) C D C Gs(A). Furthermore, D is open and forward
invariant. The conclusion follows from that of Proposition 10. W

Remark 11. Compared with related results on sufficient Lya-
punov conditions for stability with safety guarantees
(e.g., Braun and Kellett (2017), Braun et al. (2019) and Romdlony
and Jayawardhana (2016)), to the best knowledge of the authors,
Theorem 8 provides the first converse Lyapunov-barrier theorem
and we show that the converse Lyapunov function is defined on
whole set of initial conditions from which asymptotic stability
with safety guarantees is satisfied. In other words, we provide a
Lyapunov characterization of the problem of asymptotic stabil-
ity with safety guarantees. We also note that several converse
barrier functions have been reported in the literature (Liu, 2022;
Ratschan, 2018; Wisniewski & Sloth, 2015). In particular, the
recent work (Liu, 2022) makes a connection between converse
Lyapunov function and converse barrier function via a robustness
argument, which, to some extent, inspired our work in this
paper to unify converse Lyapunov and barrier functions. The
results of this paper significantly differ from that in Liu (2022),
because converse results are established for both stability with
safety guarantees and reach-avoid-stay specifications, whereas
the results in Liu (2022) only concern safety. We achieved this
non-trivial extension by adapting converse Lyapunov theorems
(e.g., Teel and Praly (2000)), as in Proposition 10, to work with
safety requirements, enabled by characterizing all initial states
from which solutions will satisfy stability with safety guarantees,
as in Lemma 9.

While Theorem 8 gives a single smooth Lyapunov function
satisfying the strong set of conditions (4) and (5), we propose the
following set of sufficient conditions for two reasons. First, they
appear to be weaker (although in fact theoretically equivalent
in view of Theorem 8) and perhaps easier to verify in practice
(Meng, Li, & Liu, 2021). Second, they agree with the notions of
Lyapunov and barrier functions commonly seen in the literature.

Proposition 12.  Suppose that A is compact, U is closed, and
ANU = (. If there exists an open set D such that AUW) € D
and smooth functions V : D — Rxo and B: R" — R such that

(1) V is positive definite on D w.r.t. A, i.e., V(x) = 0 if and only if
XeA;

(2) VV(x)-(f(x)+d) <O forallxe D\Aand d € éB;

(3) W CC=1{xeR": Blx)>0} € Dand B(x) < 0 for all
xeU;

(4) VB(x)-(f(x)4+d)>0forallx € Dand d € éB,

then S; satisfies the stability with safety guarantee specification
(W, U, A). Furthermore, if W is compact, then conditions (1)-(4) are
also necessary for Ss to satisfy the stability with safety guarantee
specification (W, U, A).

Proof. We first prove the sufficiency part. Conditions (1)-(2)
state that V is a local Lyapunov function for S; w.r.t. A. Hence A
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is UAS for S;. Conditions (3)-(4) state that B is a barrier function
for S; w.r.t. (W, U).

We can easily show that the set C = {x € R" : B(x) > 0} is
forward invariant. Indeed, if C is not forward invariant, then there
exists some xg € C, a solution ¢ € ®@s(xg), and some 7 > 0 such
that B(¢(t)) < 0. Define

t =sup{t >0: ¢(t) € C}.

Then t is well defined and finite. By continuity of B(¢(t)), we have
B(¢(t)) = 0. Since ¢(t) € D and D is open, for ¢ > 0 sufficiently
small, we have ¢(t) € D for almost all t € [t, t + £]. This implies
that, for almost all t € [£, t + ],

dB(i(t)) — VB($(0)) - (F($(0)) + d(1)) = 0.

Hence we have B(¢(t)) > B(¢p(t)) = O forall t € [t,T + €].
This contradicts the definition of t. Hence C must be forward
invariant. Since W € Cand CNU = @, we have Rs(W) C C
and Rs(W)NU = @.

It remains to show that W C G;(A). For any xo € W and any
¢ € Ds(xp), we have ¢(t) € C C D for all t > 0. Hence
dv(e(t))

i - VV(o(t)) - (f((t)) +d(t)) <0

as long as ¢(t) € A. A standard Lyapunov argument shows that
lp(t)lg — 0 ast — oc.

We then prove the necessity part. This follows from
Theorem 8. Let V and D be given by Theorem 8(2). Choose any
¢ > Osuchthat W € C = {xeD: V(x) <c}. This is always
possible, because W is compact and we can simply take ¢ =
sup,ew V(x). The idea is to construct the function B in the form
of B(x) = ¢ — V(x). To make this precise, choose ¢; > ¢; > ¢ and
let D; = {x e D: V(x) < ¢} (i = 1,2). Construct an open cover
{O], 02, 03} of R" by O] = D], 02 = D2 \ C, and 03 = R" \D]
Define Bi(x) = ¢ — V(x) for x € 01, By(x) = ¢ — V(x) for
x € 0,, and B3(x) = ¢ — ¢y for x € Os3; elsewhere, they are
defined to be zero. Then B;(x) (i = 1,2, 3) are smooth on R".
Let {v1, Y2, Y3} be a smooth partition of unity (Lee, 2013, p. 43)
subordinate to {O1, O, O3}. Construct B(x) = Zle ¥i(x)Bi(x), for
x € R" It is easy to verify that B(x) satisfies conditions (3)-(4)
with D = Dy. First, for x € 0; = Dy, we have y3(x) = 0 and
B(x) = Ziz:] ¥i(x)Bi(x) = ¢ — V(x). Hence, by the construction of
V and (5), VB(x)- (f(x)+d) = —=VV(x)-(f(x)+d) > V(x) > 0, for
all x € Dy and d € 4B. This verifies condition (4). Furthermore,
if x & D4, then either x ¢ D or x € D but V(x) > c;. It follows
that B(x) < Z?:1 Yi(x)(c — ¢;) = ¢ — ¢; < 0. Hence, we have
C = {xeR": B(x) >0} € D; and we already have W C C.
Since DNU = @, for x € U, we have y1(x) = yn(x) = 0
and B(x) = Bs3(x) = ¢ — ¢; < 0. This verifies condition (3).
Clearly, by the construction of V, it verifies conditions (1)-(2)
with D = D]. ]

Remark 13. We can see from the proof of Proposition 12 that
it is without loss of generality to construct barrier functions from
Lyapunov functions (Liu, 2022). Indeed, the invariant set C, which
separates the safe initial conditions from the unsafe set, is given
by a level set of the Lyapunov function:

C={xeR":Bx)>0}={xeD: V(x) <c}.

Remark 14. We compare the Lyapunov-barrier conditions with
that in Romdlony and Jayawardhana (2016), which provided a
novel control framework for stabilization with guaranteed safety
for nonlinear systems. Nonetheless, we restrict the formula-
tion to autonomous systems (cf. Proposition 1 in Romdlony and
Jayawardhana (2016)). This is without loss of generality, because
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Fig. 1. An illustration of the sets involved in Theorem 8, Lemma 9, and
Proposition 10. While the domain of attraction Gs(A) can potentially intersect
with the unsafe set U, the winning set Wjs defined in (6) characterizes the set
of initial conditions from which the stability with safety constraints is satisfied.
Clearly, the system S; satisfies a stability with safety specification (W, U, A) if
and only if W € wj. Theorem 8 (together with Lemma 9 and Proposition 10)
states that a smooth Lyapunov function can be found on the set D = W; to
verify the specification (W, U, A).

the control framework in Romdlony and Jayawardhana (2016) is
fundamentally built upon the conditions for autonomous systems,
as clearly indicated in Romdlony and Jayawardhana (2016) (see,
e.g., the remark before and proof of Romdlony and Jayawardhana
(2016, Theorem 3)). We also change the notion slightly to be
consistent with the notation used in this paper. In Romdlony and
Jayawardhana (2016), a set of sufficient conditions for a smooth
function V : R" — R to be called a Lyapunov-barrier function
for the system (1) with respect to the origin and an unsafe set U
were formulated as follows:

(i) V is lower-bounded and radially unbounded;

(ii) V(x) > 0 for all x € U;

(iii) VV(x) - f(x) < 0 for all x € R" \ (U U {0}); and

(iv) R"\ (UUC)N U = @, where the set C is given by C =
{x e R": V(x) <0}

In Braun and Kellett (2017), it is shown that the above conditions
imply the set U is necessarily unbounded. Here we show another
property that indicates the restrictive nature of condition (iv);
that is,

x € 0U implies V(x) = 0. (7)

In fact, suppose that this is not the case, then V(x) > 0. There
exists a sequence {x,} — x € aD such that V(x,) > 0 (and hence
{x,} NC = @) and {x,} N U = @ (this is possibly because x € dU).
Hence {x,} € R" \ (U U C). It follows that x € R"*\ (U U C). By
condition (iv) above, x ¢ U, which contradicts x € dU. In view
of (7), condition (iv) above is somewhat restrictive, because it
implies that the boundary of the unsafe set U lies entirely on a
level curve of V.

)
)
)

Remark 15. Fig. 1 provides an illustration of the sets defined for
proving Theorem 8.

4. Converse Lyapunov-barrier function for reach-avoid-stay
specifications

The converse results proved in the previous section can be ex-
tended to reach-avoid-stay specifications under some mild mod-
ifications.

Suppose that S; satisfies a reach-avoid-stay specification
(W, U, 2).

Lemma 16. Suppose that $2 is compact and W is nonempty. If S;
satisfies a reach-avoid-stay specification (W, U, §2), then the set
A={xe 2: V¢ € Os(x), Pp(t) € 2,Vt > 0}. (8)

is a nonempty compact invariant set for Ss.
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Proof. We first show that A is nonempty. By the definition of
reach-avoid-stay specification (W, U, §2), solutions of S5 starting
from W are forward complete and there exists some T > 0 such
that R™'(W) C . It is easy to verify that the set R}~ (W)
is forward invariant for S;. Clearly, Rng(W) C Aand A is
nonempty.

We next show that A is compact. Since A C £ and £2 is
compact, we only need to show that A is closed. Note that A is
forward invariant by definition. Let {x,,} be a sequence in A that
converges to x. Since §2 is compact, we have x € £2. Suppose
that x € A. Then there exists some ¢ € ®s(x) and some t > 0
such that ¢(t) ¢ £2. By continuous dependence of solutions
of S; on initial conditions, there exists a sequence of solutions
¢m € Ds(xpy) that converges to ¢ uniformly on [0, t]. We have
Om(t) > ¢(r) € £2 as m — oo. Since R" \ £2 is open, this
implies that for m sufficiently large, ¢n(t) € $2. This contradicts
the definition of A (recall that x,;, € A and ¢, € ®s(xn)). Hence
x € Aand A is compact. H

The following proposition states that any compact robustly
invariant set of S; is UAS for Sy, where §’ can be taken to be
arbitrarily close to §. This fact was essentially proved in Liu (2022)
in a slightly different context. The conclusion does not hold for
8’ = 8 (see Example 21).

Proposition 17. Any nonempty compact invariant set A for Ss is
UAS for Sy whenever §' € [0, §).

The proof relies on the following technical lemma from Liu
(2022).

Lemma 18 (Liu, 2022). Fix any 8’ € (0,8) and T > 0. Let K C R"
be a compact set. Then there exists some r = r(K,t,8’,8) > 0
such that the following holds: if there is a solution ¢ of Sy such that
¢(s) € K foralls € [0, T], where T > t, then for any yo € ¢(0)+rB
and any y, € ¢(T) + rB, we have y, € R§(y0), i.e, yi is reachable
at T from yq by a solution of S;.

We present the proof of Proposition 17 as follows.

Proof. We verify conditions (1) uniform stability and (2) uniform
attractivity as required by Definition 3.

(1) For any ¢ > O, let T > 0 be the minimal time that is
required for solutions of Sy to travels from the interior of A+ §B
to R \ (A + &B). The existence of such a t follows from that f
is locally Lipschitz and an argument using Gronwall’s inequality.
Pick 8; < min(r, §), where r is from Lemma 18, applied to the
set A+ ¢B and scalars 7, &, and 8. Let ¢ be any solution of Sy
such that ||¢(0)]|, < 8.. We show that ||¢(t)]|, < ¢ forall t > 0.
Suppose that this is not the case. Then ||¢(t;)||4 > & for some
t1 > v > 0. Since §; < r and A is compact, we can always pick
Yo € A such that yy € ¢(0) + rB3. By Lemma 18, there exists a
solution of Ss from yy € Ato y; = ¢(t1) € A. This contradicts that
A is forward invariant for S;.

(2) Fix any g9 > 0. Following part (1), choose &, such that
l$(0)ll4 < 8, implies [|p(t)ll4 < o for any solution ¢(t) of Sy.
Let r be chosen according to Lemma 18 with the set A 4 ¢¢3 and
scalars T = 1, &, and 8. Choose p € (0, 1). Let ¢ be any solution
of Sy. We show that ||¢(0)]|, < p implies that ¢(t) € A for all
t > 1. Suppose that this is not the case. Then there exists some
t; > 1 such that ¢(t;) & A. Since p < r, we can pick y, such that
Yo € ¢$(0) 4+ rB and yo € A. By Lemma 18, there exists a solution
of S5 from yg € A to y; = ¢(t1) € A. This contradicts that A is
forward invariant for S5. Hence ¢(t) € A for all t > 1. This clearly
implies (2). W

Proposition 17 establishes a link between robust invariance
and asymptotic stability. By combining Lemma 16, Proposition 17,
and Theorem 8, we can obtain the following converse theorem for
a reach-avoid-stay specification.
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Fig. 2. An illustration of the sets involved in Theorem 19. If a reach-avoid-stay
specification (W, U, £2) is satisfied, then for each §’ € [0, §), we can find a set A
such that Sy satisfies the stability with safety guarantee specification (W, U, A).
Consequently, a set D and a Lyapunov function V defined on D can be found
such that the Lyapunov conditions (4) and (5) hold for Sy. The conclusion of
Theorem 19 follows from that of Theorem 8.

Theorem 19. Suppose that §2 is compact, U is closed, and 2NU =
@, and S; satisfies the reach-avoid-stay specification (W, U, £2).
Then there exists a compact set A C §2 such that, for any §' € [0, §)
and any proper indicator w for A on D, there exists an open set D such
that AUW) C D and DNU = @, a smooth function V : D — Rx¢
and class K, functions «y and o, such that conditions (4) and (5)
hold for allx e D and d € §'B.

Proof. By Lemma 16, there exists a compact set A C §2 that is §'-
UAS for any &8’ € [0, §) by Proposition 17. Furthermore, as shown
in the proof of Lemma 16, RgZT(W) C A. This implies that, for
any 8’ € [0, 8), the domain of attraction of A for Sy includes W.
Hence Sy satisfy the stability with safety guarantee specification
(W, U, A). The conclusion follows from that of Theorem 8. ®

Remark 20. Fig. 2 provides an illustration of the sets defined for
proving Theorem 19.

It would be tempting to draw a stronger conclusion than
the one in Theorem 19 by allowing 8 = §. The following
example shows that the conclusion of Theorem 19 cannot be
strengthened in this regard: Under the current assumptions of
Theorem 19, there may not exist a converse Lyapunov-barrier
function satisfying conditions (4) and (5) for Ss, even if S; satisfies
a reach-avoid-stay specification (W, U, £2).

Example 21. Consider S defined by x = —x + x. Let W =
[—1,—-0.9], U = [0.6, 00), £2 = [—0.25,0.5], and § = 0.25. It is
easy to verify that S; satisfies the reach-avoid-stay specification
(W, U, £2). However, solutions of Ss starting from xo = 0.5 + ¢,
where ¢ > 0, with d(t) = § will tend to infinity. Furthermore,
for any xo € £2, there exists a solution of S; that approaches 0.5.
Hence, there does not exist an open set D as in Theorem 19 and
a converse Lyapunov-barrier function defined on D that satisfies
conditions (4) and (5) for all x € D and d € 48B. The reason for
this is that the conclusion of Proposition 17 does not hold for S;,
i.e., the set A defined by (8) may not be UAS for Ss, even though
it is UAS for Sy whenever §' € [0, §). Indeed, it is not difficult
to verify that the set A = [3 — %%, 0.5] and, by the observation
above, the set A is not UAS for Ss.

Similarly, Proposition 12 can be adapted to give the following
version of converse theorem for reach-avoid-stay specifications.

Proposition 22. Suppose that 2 and W are compact, U is closed,
and 2 NU = @, and S; satisfies the reach-avoid-stay specification
(W, U, 2). Then for any §' € [0, §), there exist a compact A C £2,
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an open set D such that (A U W) C D, and smooth functions
V:D— Rsoand B: R" — R such that

1. V is positive definite on D w.r.t. A, i.e., V(x) = 0 if and only if
X eA;

2.VV-(f(x)+d)<Oforallxe D\Aand d € §'B;

3W CC=1{xeD:Bx)>0} € Dand Bx) < 0 for all
xeU;

4. VB-(f(x)+d)>0forallx e Dand d € §'B.

Proof. Similar to that of Proposition 12. ®

The above converse results (Theorem 19 and Proposition 22)
reveal that the verification and design for reach-avoid-stay spec-
ifications can indeed be centered around the problem of stabil-
ity/stabilization with safety guarantees. This is without loss of
generality at least from a robustness point of view. In this regard,
Lemma 16 and Proposition 17 connect robust reach-avoid-stay
specification with stability with safety guarantees. We can also
prove a result in the converse direction. These statements are
summarized in the following proposition.

Proposition 23.

(1) If Ss satisfies a stability with safety guarantee specification
(W, U, A) and W is compact, then for every ¢ > 0, S; satisfies
the reach-avoid-stay specification (W, U, A + eB).

(2) If Ss satisfies a reach-avoid-stay specification (W, U, §2), then
there exists a compact set A C §2 such that, for any §' €
[0, 8), Sy satisfies the stability with safety guarantee specifi-
cation (W, U, A).

Proof. (1) The conclusion follows from the uniform attractiv-
ity property for solutions for S; under the stability assumption
(Proposition 25 in the Appendix A of arXiv version Liu et al,
2020).

(2) It follows from Lemma 16, Proposition 17, and the defini-
tions of the specifications. W

5. Converse control Lyapunov-barrier functions for reach-
avoid-stay specifications

In this section, we take advantage of the results from Sec-
tion 4 and make a straightforward derivation on a converse
control Lyapunov-barrier function theorem for S; satisfying a
reach-avoid-stay specification (W, U, §2) under controls. We first
recast the notion from Section 2 for control systems.

Given a nonempty compact convex set of control inputs ¢/ C
RP, consider a nonlinear system of the form

x=f(x)+gXu+d, (9)

where the mapping g : R" — R™? is smooth; u : Ryg — U
is a locally bounded measurable control signal, whilst the other
notation remains the same.

Definition 24 (Control Strategy). A control strategy is a function
Kk :R"— U. (10)

We further denote S by the control system driven by (9) that
is comprised by u = «(x).

Definition 25 (Reach-Avoid-Stay Controllable). A system S; is
called reach-avoid-stay controllable w.r.t. (W, U, §2), where
W, U, 2 C R" if there exists a Lipschitz continuous control
strategy « such that the system Sy satisfies the reach-avoid-stay
specification (W, U, £2).
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Now we are ready to show that reach-avoid-stay controllabil-
ity implies the existence of a control Lyapunov-barrier function
w.r.t. the reach-avoid-stay specification.

Theorem 26. Suppose that §2 is compact, U is closed, and 2 NU =
@, and S; is reach-avoid-stay controllable w.r.t. (W, U, §2). Then
there exists a compact set A C §2 such that, for any 8’ € [0, §) and
any proper indicator w for A on D, there exists an open set D such
that AUW) C D and DNU = @, a smooth function V : D — Rxg
and class Ko functions oy and o, such that, for all x € D and
d € §'B, Eq. (4) is satisfied and

inf sup sup[LsV(x, d) + L;V(x)u 4+ V(x)] < 0. (11)
UeU yep desB

Proof. By assumption, there exists a Lipschitz continuous «
that renders the solutions satisfy reach-avoid-stay specification
(W, U, £2). Then by Theorem 19, for any proper indicator w for A
on D, there exists a function V : D — R satisfying (4) and

sup [LiV(x, d) + LsV(X)k(x) + V(x)] < 0
des'B

for all x € D. Taking the supremum over all x € D, we have

sup sup [LiV(x, d) + LsV(X)k(x) + V(x)] < 0.
xeD deé’'B

Since we have the control «(x) € U, it follows that

inf sup sup [LsV(x,d)+ L, V(x)u+ V()] <0. ®
UEU xep des'B

With a similar approach, Proposition 22 can be applied to
give the following version of converse control Lyapunov-barrier
functions theorem for reach-avoid-stay specifications.

Proposition 27. Suppose that 2 and W are compact, U is closed,
and 2 NU = @, and S;s is reach-avoid-stay controllable w.r.t.
(W, U, £2). Then for any 8’ € [0, 8), there exist a compact A C £2,
an open set D such that (A U W) C D, and smooth functions
V:D— Rsoand B: R" — R such that

(1) V is positive definite on D w.r.t. A, i.e.,, V(x) = 0 if and only if
X eA;

(2) infuey SUPyep SUPgey sILrV (%, d) + LgV(x)u] < 0;

(3) WC C={xeD: Bx)>0}and B(x) < 0 for all x € U;

(4) sup,ey[LiB(x, d) + LgB(x)u] > 0 for all x € D and d € §'B.

6. Conclusions

In this paper, we proved two converse Lyapunov-barrier func-
tion theorems for nonlinear systems satisfying either asymptotic
stability with safety constraints or a reach-avoid-stay type spec-
ification. In the former case, we show that a smooth Lyapunov-
barrier function can be defined on the entire set of initial con-
ditions from which asymptotic stability with a safety constraint
can be satisfied. For the latter, we establish a converse theorem
via a robustness argument. It is shown by example that the
statement cannot be strengthened without additional assump-
tions. We further extend the results to establish converse control
Lyapunov-barrier functions for systems with control inputs.

The focus of the current paper is on converse Lyapunov-
barrier functions, applying which we make a quick extension to
converse control Lyapunov-barrier function. There are two limi-
tations in our work. We only considered an additive measurable
disturbance in the right-hand side of the dynamical systems for
the purpose of establishing converse Lyapunov-barrier results.
In addition, similar to other converse Lyapunov theorems, the
existence results are not constructive.
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An interesting future direction is to explore computational
techniques for constructing Lyapunov-barrier function that is de-
fined on the whole set of initial conditions (or as large a subset
as possible of this set) from which a stability with safety guaran-
tee or reach-avoid-stay specification is achievable, for instance,
learning techniques (Berkenkamp et al.,, 2016; Ravanbakhsh &
Sankaranarayanan, 2017; Zhao et al., 2020) or interval analy-
sis (Djaballah et al., 2017; Ratschan & She, 2010). In this regard,
the results of this paper (especially Theorems 8 and 19) can hope-
fully shed some light into the development of such computational
techniques with completeness (or approximate completeness)
guarantees.
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