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Abstract

Nonlinear optimal control is vital for numerous applications but remains challenging for unknown
systems due to the difficulties in accurately modelling dynamics and handling computational de-
mands, particularly in high-dimensional settings. This work develops a theoretically certifiable
framework that integrates a modified Koopman operator approach with model-based reinforcement
learning to address these challenges. By relaxing the requirements on observable functions, our
method incorporates nonlinear terms involving both states and control inputs, significantly enhanc-
ing system identification accuracy. Moreover, by leveraging the power of neural networks to solve
partial differential equations (PDEs), our approach is able to achieve stabilizing control for high-
dimensional dynamical systems, up to 9-dimensional. The learned value function and control laws
are proven to converge to those of the true system at each iteration. Additionally, the accumulated
cost of the learned controller closely approximates that of the true system, with errors ranging from
107° to 1073,
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1. Introduction

A central problem in control engineering is nonlinear optimal control, which has broad applications
across various fields, including autonomous vehicle navigation, satellite and spacecraft control, and
robotic manipulators.

A natural approach to pursue optimal control for continuous-time nonlinear dynamical systems
is first linearizing the system at each state, representing the nonlinear dynamics as a state-dependent
linear system. This allows the control law to be derived by solving state-dependent Riccati equa-
tion (Farsi et al., 2022). However, this approach typically yields only a sub-optimal controller.
An alternative method for solving the optimal control problem involves addressing the Hamilton-
Jacobi-Bellman (HJB) equation. Since the HJB equation is a nonlinear partial differential equation
that is notoriously difficult to solve directly, most research focuses on obtaining approximate solu-
tions indirectly through policy iteration techniques (Leake and Liu, 1967; Saridis and Lee, 1979;
Beard, 1995; Jiang and Jiang, 2017). Originating from the optimal control of Markov decision
processes (Bellman et al., 1957; Howard, 1960), policy iteration begins with an initial stabilizing
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control and iteratively improves the closed-loop performance through two key steps: policy eval-
uation and policy improvement. Specifically, policy evaluation involves solving the Generalized
Hamilton-Jacobi-Bellman (GHJB) equation, a linear partial differential equation that is generally
more tractable than the HIB equation. For low-dimensional problems, Galerkin approximations
have demonstrated their effectiveness in providing accurate solutions to the HIB equation with
arbitrary precision (Beard et al., 1997, 1998). To overcome the curse of dimensionality in high-
dimensional systems, neural networks are increasingly employed to approximate the solution to the
GHIB equation. These networks ensure convergence to the true solution at each iteration, leverag-
ing their ability to approximate complex functions and scale efficiently with problem size (Meng
et al., 2024a; Zhou et al., 2024a).

However, solving the GHJB equation requires complete knowledge of system dynamics, which
is often unavailable in practice. To address this challenge, various methods based on adaptive dy-
namic programming (ADP) have been developed to approximate the value function and control
laws directly from online measurements, such as, (Jiang and Jiang, 2012; Vrabie and Lewis, 2009;
Jiang and Jiang, 2014). These model-free methods are particularly advantageous when abundant
data are available, as they enable the use of advanced techniques such as deep learning, to ad-
dress high-dimensional state space problems. Despite their flexibility, model-free methods often
suffer from a lack of theoretical guarantees and involve high implementation complexity. In con-
trast, model-based methods can use established control theories—such as stability analysis, perfor-
mance optimization—to design control laws with rigorous guarantees. However, their effectiveness
heavily depends on the accuracy of the identified model, which can be challenging to achieve in
high-dimensional scenarios.

In recent years, the Koopman operator (Koopman, 1931) has gained significant attention due to
its ability to provide a linear representation of nonlinear systems within a function space. Through
numerical algorithms such as Dynamic Mode Decomposition (DMD) (Schmid, 2010) and Extended
DMD (Williams et al., 2015; Korda and Mezi¢, 2018a), Koopman operator-based methods have
shown strong efficacy in system identification (Mauroy and Gongalves, 2019), in analyzing iden-
tifiability in relation to sampling frequency (Zeng et al., 2022, 2024b,a), and in stability analysis
(Mauroy and Mezi¢, 2016; Deka et al., 2022; Meng et al., 2025; Zhou et al., 2024b) for autonomous
systems. To address control problems, many studies have explored representing nonlinear systems
with inputs using the Koopman operator (Korda and Mezi¢, 2018b; Mauroy et al., 2020). Although
theoretically feasible by treating inputs as augmented states, practical implementation of this frame-
work remains challenging, as it often necessitates neglecting certain terms to render the system fully
linear in both the lifted state and the input. This limitation reduces both the accuracy of the identified
system and the effectiveness of the resulting controllers, especially for high-dimensional systems.

To address the aforementioned limitations, the main contributions of this paper are as follows:

* We develop a theoretically certifiable framework, integrating a modified Koopman operator
approach with model-based reinforcement learning, for control system identification and de-
riving optimal control policies for unknown nonlinear systems.

* We improve the Koopman operator-based identification accuracy by relaxing the requirements
on observable functions, allowing accurate recovery of nonlinear control-affine terms.

* We enhance the scalability of computing optimal control directly from data by leveraging the
power of neural networks to solve PDEs. We demonstrate the effectiveness of our method via
4 examples with state dimensions ranging from 2 to 9 and input dimensions up to 4.
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2. Problem formulation

We consider a control-affine dynamical system:
& = f(2) + g(@)u, (1)

where € R" denotes the state vector; u € R™ denotes the input; f : R” — R” is a continuously
differentiable vector field, and g : R™ — R™*™ is a smooth function. We also assume that O is an
equilibrium point of (1), i.e., f(0) = 0. Subject to the control u, the unique solution starting from
x is denoted by S*(xo, u).

We define the space of admissible controls of (1) as follows.

Definition 1 (Admissible control) A feedback control u = k() is admissible on 2 C R™, where
0 € Qand Q2 C R™ is a fixed compact set, if the following conditions are satisfied: (1) k is Lipschitz
continuous on Q; (2) k(0) = 0; (3) u = k(x) is a stabilizing control, i.e., lim;_,, | S* (g, u)| = 0
forVxzo € Q. We denote the space of admissible feedback controls on Q as U(Q).

We are interested in finding the optimal control x*(x) € U(2) from data, in the case of infinite
interval ¢ € [0,00). Specifically, we introduce the function L(z,u) = Q(z) + ||ul%, where
@ : R" — Ris a positive definite function, and ||u||% = u”’ Ru given some symmetric and positive
definite R : R™ — R™>™_ The associated cost is commonly defined as follows:

Haw) = [ L' (@, w). u(e)de @
0
The optimal control is denoted as u* = £*(x) such that
T, ) = inf J(@, n(x)) 3)

and the value function is defined as V' (x) := J(x, u*). Intuitively, the value function describes the
system’s infimum energy loss over the state space for all possible control inputs, thereby providing
a foundation for deriving the optimal control u* = k*(x). Let DV denote the gradient of V. The
optimal control is derived by minimizing the Hamiltonian:

1
k*(x) == argmin, o {L(x,u) + DV (x) - f(z,u)} = —iR_lgT(:c)(DV(:L'))T. 4)
This paper aims to systematically explore a theoretically certifiable method for computing opti-
mal control from data in unknown high-dimensional nonlinear systems.

3. Preliminaries of exact policy iteration and Koopman operator theory

3.1. Exact policy iteration

We begin by reviewing the policy iteration method for systems with known dynamics. The value
function that we aim to find is generally a viscosity solution to the HIB equation, i.e.,

H(x,DV(x)) =0, %)

where H(x,p) := sup,ecpm —G(2,u, p), and G(x, u,p) = L(x, w)+p(f(x)+g(x)u). However,
solving and analyzing this equation is a complex task. The policy iteration method assumes that
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V € CY(Q) and seeks C! solutions V; to the GHIB equation G(x,u;, DV;(x)) = 0 for each
iteration ¢ € {0,1,-- -}, specifically, given an initial input wg = ko(x) that stabilizes the system,
the policy iteration method performs policy evaluation and policy improvement iteratively:

1 The i-th policy evaluation: Given a policy u; = k;(x), solving the GHIB equation below to
compute the value function Vj(x) at x € Q \ {0}, and we set V;(0) = 0.

G(@, ki(@), DVi(a)) := L(z, ri(x)) + DVi()(f(2) + g(@)rs(@)) = 0. (6)

2 The i-th policy improvement: Given the value function Vj(x), solving the GHJB to update
the policy:
1p-1,T T
—sR7g" (x)(DVi(x)) x # 0;
, — 2 ? ’ )
ki(x) = { 0. z—0, (7

Assuming that V' € C*(), the convergence value function V, is expected to solve the HIB
equation and u; — u* at least pointwise (Jiang and Jiang, 2017, Theorem 3.1.4).

3.2. Koopman operator theory

To solve (6) for unknown systems, we first identify f(x) and g(a). Koopman operator provides
an alternative perspective to analyze and learn nonlinear dynamical systems. Below we briefly
introduce the Koopman operator theory. Let us first consider w = 0. Then the system (1) becomes:

& = f(x). 8)

The flow induced by this autonomous system is denoted as S*(x, 0),t > 0, i.e., z(t) = S*(x(0), 0).
The Koopman operator U? : F — F is a linear operator acting on the observable functions of the
states, i.e., ¢ € F : R” — C, which is defined as

Ulp(x) = (5" (,0)). ©)

The infinitesimal generator £ of the Koopman operator is defined as

Lo = lim E(Ut — Dy, ¢ € D(L), (10)
t—0t ¢

where D(L) denotes the domain of £. The generator is also a linear operator. Assuming that

observable functions g € F are continuously differentiable with compact support, we have £ =

f-V.

Due to its linearity and rich theoretical support, the Koopman operator theory enjoys wide pop-
ularity in nonlinear system identification and control. Despite its success, accurately representing a
nonlinear system with input as a linear input-output system remains challenging, as it often requires
disregarding certain terms that describe how control actions evolve in the observation space.

4. Description of the method

The main idea of the method is to first identify the nonlinear dynamical system with control using
the generator. Then we solve the optimal control problems for it using the policy iteration method
with its neural approximations.



DATA-DRIVEN OPTIMAL CONTROL VIA KOOPMAN GENERATOR

4.1. Lifting of the dynamical system

The nonlinear system is equivalently described as an infinite-dimensional linear system driven by
the Koopman operator. In practice, we lift and embed the original system into a high-dimensional
function space, then approximate the Koopman operator and its generator using a linear, matrix-like
operator defined on the same function space domain.

Theoretically, we treat the input « of (1) as an external state of the dynamical system and assume
that it remains unchanged during the sampling time. Then we have the extended system:

& = f(x) +g(x)u,

. an

=0,
and the corresponding extended state [z, w]”. This implies that the control input w is considered
constant. For simplicity of the notation, we also denote the flow of the extended system as S :
M — M with the invariant set M of the extended states, where M C R?*+™,

To accurately characterize the original system, we recover the generator within an observable

space where the basis functions {y;(x, u)} include coupling terms between x, u. This approach
avoids constructing a high-dimensional linear input-output system of the form 2 = Az+ Bu, where
z = p(x) and ¢ is a vector-valued function consisting of multiple scalar observation functions
that depend solely on x. In this work, we select the polynomial observable functions of (x,u).
Furthermore, to recover f(x) and g(x) in the system, we restrict the total degree of each control
input u;,i = 1,...,m to 1 within the observable functions, i.e., Fy = span,_; _y{pi(x,u)},
where ¢;(z,u) = [/, x?j [T wl, o2 @ < 1, with 2 being the j-th component of ,
being the [-th component of u, q;,p; € N.
Remark 2 Though it is common to learn the system using dictionary functions that are independent
in u and x, and linear in u, given the control-affine form of the dynamics, the dictionary of basis
functions may still provide a sparse subset of the lifted function space that fails to sufficiently span
the generator domain. We offer a novel perspective by considering the coupling effect between x
and u when selecting the basis functions for the lifted function space. Numerical results in the next
section demonstrate that this approach improves learning accuracy compared to the aforementioned
overly decoupled basis functions. This also highlights a promising direction for future theoretical
research on control-involved dynamics and the properties of the associated lifted space.

4.2. Identification of the generator

To avoid the approximation errors introduced by the indirect approach, we identify the generator
using the Yosida approximation, which is based on the resolvent operator of the Koopman operator.
The Yosida approximation is particularly suitable because it provides a well-defined approximation
of the generator without requiring the observable space to be invariant under the Koopman operator.
Moreover, it ensures better numerical stability and theoretical convergence properties compared to
methods that rely on computing the logarithm of the Koopman operator.

The Yosida approximation L), defined as

Lypi(x) = A2 /OO e_)‘tUtgoi(m)dt — Api(x), (12)
0
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converges to the generator £ on C''(M) as A — oo in a strong sense (Meng et al., 2024b, Theorem
3.3),i.e., Lyh — Lh for any observable function h € C''(M). In practice, the integral in (12) is
approximated using a discrete set of trajectory data. Given a set of initial conditions {wk}{f:l, we
collect the observable values along trajectories sampled at discrete time points ¢; with a fixed time
step At. Then Ly p; is approximated using empirical averages or numerical quadrature techniques.
To ensure numerical tractability, we further approximate (12) for each observable function ; using
a truncated integral over a fixed finite-time horizon [0, Tjax], as follows:

Tmax

Lagpil@) = A2 / MU pi()dt — Apil). (13)
0

Given the choice of polynomial observables {;}, the overall approximation error of Lip; (for
each i) using Ly 7, ®; is of the order (’)(e*)‘T‘"aX), as stated in (Meng et al., 2024b, Theorem 4.2).
Notably, for large A, truncating the integral at any 71, has a non-dominant impact on the approxi-
mation accuracy. This error bound allows us to directly obtain the value of L; using the evaluation
of (13), and further adapt it with sampled data using numerical quadrature techniques. This allows
us to construct two matrices [X];; = ¢;(i), [Y]i; = Lat,..j(xi) where {x;}} denote M
samples. Then we compute the matrix representation of the generator as Ly= (XTX)"1xTy.

4.3. Recovery of nonlinear dynamical system

To recover f(x) and g(x) from the identified generator, we denote the i as the index of the observ-
able function such that ¢;(x) = x;. Then we have

fi(@) + gj( u—Zwkwu Vs (14)

where [f/ ~k; represents the element in the A-th row and j-th column of Ly. We can approxi-
mate f(x) and §(x) corresponding to observable functions ¢y, (x, u) = |J g PITTR, uft with
Sty q=0and Y ", ¢ = 1, respectively.

4.4. Policy iteration via linear least squares

Based on the identified f (z) and g(x), we continue to solve the optimal control problem by em-
ploying policy evaluation (6) and policy improvement (7). Specifically, in the i-th iteration, we
solve the following equation:

L(z, ri(x)) + DVi(z)(f () + §(x)ri(x)) = 0, (15)
1p=15T (4 (2N x .
ki) = {_QR 'g (0)’(53(0)) ; @ # 0; (16)

To solve (15) and approximate the value function, we use random feature neural network functions,
resulting in a neural solution of the form V(:c) = BTo(Wx +b), where B € R*, W € R¥*". b €
R® and ¢ : R — R is an activation function applied element-wise. It follows that DV(:C) =
BT diag(c’(Wz + b))W. Note that W and b can be randomly chosen, which does not require
training. Then the problem of solving (15) transforms to the problem of finding the parameter 3.
Due to the linear dependence of DV(:B) on 3 and the linearity of (15), it results in a linear least
squares optimization problem that can be solved efficiently and accurately.
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Remark 3 (Random bases) It is well established in the theoretical machine learning community
that, in high-order Sobolev norms, neural networks with the hyperbolic tangent activation function
vield relatively small approximation errors for Sobolev-regular and analytic functions (De Ryck
et al., 2021). Many applications, including the use of one-layer tanh-activated neural networks (or
equivalently, linear combinations of tanh-activated random bases) to solve Hamilton—Jacobi-type
PDEs, have shown strong performance under mild conditions (Zhou et al., 2024a). In the context of
Koopman generator operator learning, where the ultimate goal is to approximate an image function
expressible as a linear combination of basis functions, it is natural to adopt the set of tanh-activated
basis functions as dictionary functions to achieve high precision. In particular, for unknown systems
governed by unknown physical laws, where specialized approximation bases such as polynomials
may not be suitable, a random feature approach using tanh-activated bases helps reduce bias in the
selection of dictionary functions. Given both the theoretical and practical advantages, we adopt
tanh-activated random bases in our framework.

5. Theoretical convergence

We begin by proving the convergence of the identified system. In the following, we use Ly 7,.,. N
to denote N-dimensional approximation of Ly 7,..., ) 7i....N(Z,u) to denote the vector field
recovered from Ly 7,... ~, and F'(x,u) to denote the original vector field.

nazx,

Theorem 4 (Convergence of vector field) As A — 0o, T4 — 00, N — 00 simultaneously, we
have Fy ... N — F uniformly on M, where M is a compact set in R" ™.

Proof For the i-th component of vector field, where i = 1,...,n, we have F(x,u) = Loq(x,u),
Fix T, N(T, ) = Ly 1,,.. N@q(x,u), where ¢ is the index of the observable function such that
wq(x,u) = x;. It follows that

||FZ - Fi§A;TnLaw~,NHOO S ||(L - LA)QOQHOC + ||(L/\ - LA;TnLaw)quHOO + H(LA7Tmam - LA;T77Law7N)g0q||OO’

where || - || denotes sup(,, y,)eaq || - || with | - [| being the 2-norm. Based on Theorem 3.3, Theorem
4.2 and Corollary 4.6 in Meng et al. (2024c), we have || F;— Fj\ 7,0, N ||oo = 0as A = 00, Tipaz —
o0, N — oo simultaneously. |

While Theorem 4 guarantees theoretical convergence of F 7, ~ to I, as A\ — 00, Tya0 —
oo, N — oo, the following assumption states that, with sufficiently many samples, the identified
system F'(x,u) = f(x) + g(x)u should be close to Fi 7,,.. N-

Assumption 1 For V6 > 0, the initial conditions for (11) can be sampled sufficiently densely in
M such that F(x,uw) = f(x) + g(x)u identified from (14) satisfies ||F> 1,,,..8 — F|loo < 6.

Remark 5 The approximation scheme consists of an analytical approximation of the generator
using a finite-horizon, finite-dimensional modification of the Yosida approximation framework, fol-
lowed by data fitting using least squares for each dictionary function. The first stage has been
proven to converge with a tunable error, while the second stage follows the data-fitting framework
presented in (Williams et al., 2015), where densely populated initial conditions are generally ac-
cepted to ensure convergence. Due to space limitations, we omit the proof, as it directly follows
Jfrom combining the two aforementioned stages of approximation. While data efficiency, such as
achieving quantitative error guarantees using minimal set of spatio-temporal data, is beyond the
scope of this paper; it is an important direction the authors intend to pursue in future work.
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Under Assumption 1 and based on Theorem 4, we can conclude that, for every 6 > 0, there
exist sufficiently large A\, Thqz, IV and sufficiently dense initial conditions such that

If (@) + g(@)u — f(z) — g(@)ul <0, V(z,u)eM. (17)

Without loss of generality, we assume that (17) holds for w € B = {[lu|| < 1}. Letting u = 0,
we have ||f — flloo < 6. It follows from the triangle inequality that ||g(x)u — §(z)u| < 26.

With u = % € B, this implies ||g — §||lco < 26. In other words, for every 6 > 0, there

exist sufficiently large A, Tinqz, N and sufficiently dense initial conditions such that || f — f lloo <
0,]lg — gllco < 26, which are essential requirements for the following analysis.

We expect each policy evaluation of the identified system to closely approximate that of the true
system, ensuring that the algorithm ultimately produces a meaningful result. The following theorem
establishes that, with each iteration, the value function and control derived from the identified sys-
tem converge to those of the true system. The proof is provided in the preprint version (Zeng et al.,
2024c). For brevity, we directly use the index h = (A, Tynaz, V), and fp,(x) + g (x)u to denote the
identified vector field from data.

Theorem 6 Ler Q0 C M a compact invariant set for each & = F}Ei)(a:, /@S_l)(m)) = fn(x) +
gh(m)mgffl)(:c) and & = FO (x, sV (2)) = f(x)+g(x)xV) (x). Assume F}El), FO e c(Q),
LS),L(i) € CYQ). Then, for every 0 > 0 and every i > 0, there exists 6 > 0 such that if

15” —£O |0 < 6, [|fa—Flloo < 6, lgh—9lloo < 6, we have |V, =V || < 6, ||s\ —£D)| o <
0 for all x € (.

6. Numerical experiments

6.1. Experimental setup

To demonstrate the performance of the proposed method, we learn the optimal control for the fol-
lowing systems: 2-dimensional (inverted pendulum), 4-dimensional (cartpole), 6-dimensional (2D
quadrotor), and 9-dimensional systems (3D quadrotor).

In the identification step: For 2-dimensional and 4-dimensional systems, we select the space of
polynomials ;(x,u) = H?Zl x?j [T7%, uf where pj < prmag for j = 1,..., n. For 6-dimensional
and 9-dimensional systems, we select the space of polynomials constrained by Z?Zl Dj < Dsum-
To ensure that the identified system has an equilibrium at 0, we exclude constant functions from the
set of observable functions, i.e., Z?Zl pj + >y @ > 0. For each system, we collect data with
the time horizon [0, 1] the sampling frequency 100Hz. The specific parameters and data details for
identification and policy iteration steps are provided in Tables 1 and 2 below.

Table 1: The detailed information of data and parameters for identification

Dynamical system Domain Polynomial order Initial samples
a) Inverted pendulum (2d) (x,u) € [-1,13 DPrmaz = D 1000
b) Cartpole (4d) (x,u) € [-0.2,0.2]° Prmaz = 3 3125
¢) 2D quatroter (6d) (x,u) € [-0.2,0.2]® Psum = 3 5000
d) 3D quadrotor (9d) (xz,u) € [-0.2,0.2]'3 Psum = 3 10000
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Table 2: The detailed information of data and parameters for policy iteration

Dynamical system Domain Hidden units (s) Samples
a) Inverted pendulum € [—1,1]? 200 3000
b) Cartpole x € [-0.1,0.1]4 3200 6000
¢) 2D quadrotor x € [-0.1,0.1]5 3200 9000
d) 3D quadrotor x € [-0.1,0.1)° 3200 12000

6.2. Numerical results

1) Identification performance. To effectively solve the HIB equation, it is crucial to accurately
estimate f(x) and g(x) over the considered set. To demonstrate the advantages of the proposed
method, we compare the evaluation error of our approach (the resolvent-based model) with the
logarithm-based model proposed by Mauroy and Gongalves (2019) and the widely used lifted lin-
ear model in control framevgorks (Korda and Mezié, 2018b). The evaluation errors are calculated
as By = 200, [If (i) = f(@)|h /M, By = S50, (i) — §(@i)lli/M, where || - [|1 denotes
L' —norm. To ensure a fair comparison, it is worth emphasizing that the basis functions used in the
logarithm-based method are equivalent to those in our approach. Additionally, the resolvent-based
identification method is employed to identify the lifted linear model, where the observable functions
exclude cross-terms involving x and u. To minimize the influence of the number of basis functions
on the comparison, we further increase the polynomial order in the lifted linear model, ensuring its
basis functions are at least equal to or more comprehensive than those used in our method.

The comparison results are detailed in Table 3. These results demonstrate that our method
achieves evaluation errors for f and g that are reduced by one to two orders of magnitude compared
to the other two approaches, which is particularly pronounced in high-dimensional systems. This
improvement in accuracy is crucial for solving the HIB equation, as our attempts with the other two
methods failed to learn a control law to stabilize the cartpole, 2D quadrotor, and 3D quadrotor. In
contrast, the control law and value function learned using our method are presented below.

Table 3: Comparison of evaluation error for ours (resolvent-based control-affine model), LAM
(logarithm-based control-affine model), and RLM (resolvent-based lifted linear model).

Inverted pendulum Cartpole 2D quadrotor 3D quadrotor
Ey E, E; E, Ey E, E; E,
Ours 3.7E-3 99E-3 3.5E-3 2.0E-3 8.6E-4 2.2E-3 1.7E-3 8.5E-3

LAM 29E-1 64E-1 78E-2 14E-2 14E-2 2.1 24E-2 4.3E-2
RLM 28E-3 12E-2 18E-2 34E-2 95E-3 1.1E-1 18E-2 2.2E-1

2) Control performance. We randomly choose 50 initial conditions in the associated domain of
Table 1, and we simulate these trajectories using the true system and the control learned from the
identified system. To illustrate the performance of the learned control, we compute the average C (t)
of the accumulated costs C’i(t), t € [0, 10] for these 50 trajectories. We also perform the simulation
and compute the average of the accumulated cost C(t) using the learned control from the true
system. The error of the mean accumulated cost |C(t) — C(t)| and the trajectories are depicted
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in Fig. 1 and Fig. 2 respectively. These results demonstrate that, when the dynamical system is
unknown, the accumulated cost of the optimal control input obtained by this method closely aligns
with that of the optimal control learned from the true system, with errors ranging from 107> to
10~3. The optimal control input learned from data of this unknown system effectively stabilizes the
trajectories of this true system.

For comparison, ADP (Jiang and Jiang, 2017, Chapter 3) performs well in low-dimensional
cases, such as the 2D pendulum. However, it faces significant challenges in learning stable con-
trollers for relatively higher-dimensional systems such as cartpole. Consequently, our method
demonstrates strong potential for addressing optimal control problems in high-dimensional systems.

02 1

) 3 ¥ 3 i ) ] 3 ) I3 3 o ] 3 3 3 7 o 3 3 ¥ G H I
Time ime

(a) Inverted pendulum (b) Cartpole (c) 2D quadrotor (d) 3D quadrotor

Figure 1: Error between accumulated costs computed by the controller learned from the identified
system and the true system for the four examples.

Trajectories of All States Over Time Trajectories of All States Over Time Trajectories of All States Over Time Trajectories of All States Over Time

I 3 4 6 § 10
b

Ti

(a) Inverted pendulum (b) Cartpole (c) 2D quadrotor (d) 3D quadrotor

Tim,

Figure 2: Trajectories of n states with the learned controller for the four examples.

7. Conclusion

We proposed a novel approach for solving optimal control problems in high-dimensional nonlinear
systems. The results demonstrated the effectiveness of our method in achieving stabilizing control
and accurately approximating value functions, even for systems with state dimensions up to 9 and
input dimensions up to 4. However, we acknowledge that the region of consideration for high-
dimensional systems in this study is relatively limited. This reflects the inherent challenges in
solving high-dimensional HIB equations, including computational complexity and sensitivity to
identification errors. Addressing these limitations will be a key focus of our future research, aiming
to broaden the stabilized region of the learned controls.
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